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<D . Abstract 

A bounded linear operator T acting on a Banach space B is called weakly hypercyclic if 
there exists x G B such that the orbit {T n x : n = 0, 1, . . .} is weakly dense in B and T is 
called weakly supercyclic if there is x £ B for which the projective orbit {XT n x : A £ C, n = 
0, 1, . . .} is weakly dense in B. If weak density is replaced by weak sequential density, then 
T is said to be weakly sequentially hypercyclic or supercyclic respectively. It is shown that 
on a separable Hilbert space there are weakly supercyclic operators which are not weakly 
sequentially supercyclic. This is achieved by constructing a Borel probability measure fj, on 
the unit circle for which the Fourier coefficients vanish at infinity and the multiplication 
operator Mf(z) = zf(z) acting on -/^(a 4 ) is weakly supercyclic. It is not weakly sequentially 
supercyclic, since the projective orbit under M of each element in -^(aO is weakly sequentially 
closed. This answers a question posed by Bayart and Matheron. It is proved that the bilateral 
shift on ^p(Z), 1 ^ p < oo, is weakly supercyclic if and only if 2 < p < oo and that any 
weakly supercyclic weighted bilateral shift on £ P (Z) for 1 ^ p ^ 2 is norm supercyclic. It 
is also shown that any weakly hypercyclic weighted bilateral shift on l p (Z) for 1 ^ p < 2 is 
norm hypercyclic, which answers a question of Chan and Sanders. 

1 Introduction 

As usual C and M. are the fields of complex and real numbers respectively, Z is the set of integers, 
N is the set of positive integers and N = N U {0}. 

Let T be a bounded linear operator acting on a complex Banach space B. An element x G B 
is called a weakly hypercyclic vector for T if the orbit 



0(T,x) = {T n x : n G N } 

is weakly dense in B and T is said to be weakly hypercyclic if it has a weakly hypercyclic vector. 
Similarly x G B is called a weakly supercyclic vector for T if the projective orbit 

O pr (T,x) = {XT n x : n G N , A G C} 

is weakly dense in B and T is said to be weakly supercyclic if it has a weakly supercyclic vector. 

These classes of operators are more general than the classes of hypercyclic and supercyclic 
operators, in which the density is required with respect to the norm topology, see the surveys 
[20] and [18] and references therein and (9j [211 El [261 EZ] for other related results on weak 
hypercyclicity and supercyclicity. Weakly supercyclic and weakly hypercyclic operators, although 
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more general than the supercyclic and hypercyclic ones, enjoy many of the properties of supercyclic 
and hypercyclic operators. For instance, if T is weakly supercyclic or hypercyclic, then so is T n for 
any neN. The norm topology version of the latter result was proved by Ansari pQ and the same 
proof works for weakly supercyclic and hypercyclic operators. Another instance: the operator 
al ® T : <C @ B — >C©i3, where B is a Banach space and a ^ 0, is supercyclic if an only if a~ l T 
is hypercyclic, see [15]. Again, the proof also works if the norm topology is replaced by the weak 
one, see [20J and [26]. This observation provides the first known examples of weakly supercyclic 
non-supercyclic operators on a Hilbert space [26J. 

Recall that a subset A of a topological space X is called sequentially closed if for any convergent 
in X sequence of elements of A, the limit belongs to A. The minimal sequentially closed set [A] s 
containing a given set A (=the intersection of all sequentially closed sets, containing A) is called 
the sequential closure of A. Finally A C X is called sequentially dense in X if [A] s = X. Note 
that in general [A] s may be bigger than the set of limits of converging sequences of elements of A. 

An interesting example in the Hilbert space setting was recently provided by Bayart and 
Matheron They proved that if /i is a continuous Borel probability measure on the unit circle 
T = {z G C : \z\ = 1}, supported on a Kronecker compact set, then the multiplication operator 
Mf(z) = zf(z) acting on L 2 (fi) is weakly supercyclic. On the other hand, since M is an isometry, 
it cannot be supercyclic, see [2]. It should be noted that in the last example there is x in B such 
that any vector from /^(aO is a limit of a weakly convergent sequence of elements of O pT (M,x). 

The last observation motivates the following definitions. A vector x G B is called a weakly 
sequentially hypercyclic vector for T if the orbit 0(T,x) is weakly sequentially dense in B and T 
is called weakly sequentially hypercyclic if it has weakly sequentially hypercyclic vectors. A vector 
x G B is called a weakly sequentially supercyclic vector for T if the projective orbit O pr (T, x) is 
weakly sequentially dense in B and T is called weakly sequentially supercyclic if it has weakly 
sequentially supercyclic vectors. 

Slightly different concepts were introduced by Bes, Chan and Sanders [7] and implicitly by 
Bayart and Matheron [6]. In fact, they call the following properties weak sequential hypercyclicity 
and weak sequential supercyclicity. We call them in a bit different way in order to distinguish from 
the above defined ones. Namely, T is called weakly 1- sequentially hypercyclic if there exists x G B 
such that any vector from B is a limit of a weakly convergent sequence of elements of the orbit 
0(T, x) and T is called weakly 1- sequentially supercyclic if there exists x G B such that any vector 
from B is a limit of a weakly convergent sequence of elements of the projective orbit O pr (T,x). 

The obvious relations between the above properties are summarized in the following diagram: 



hypercyclicity 



4 



weak 1-sequential hypercyclicity 



4 



weak sequential hypercyclicity 



4 



weak hypercyclicity 



supercyclicity 



4 



weak 1-sequential supercyclicity 



4 



weak sequential supercyclicity 



weak supercyclicity 



cyclicity 



Bayart and Matheron [6] raised the two following questions. 

Question 1. Does there exist a bounded linear operator, which is weakly supercyclic and not 
weakly 1-sequentially supercyclic? 

Question 2. Does there exist a positive Borel measure \i on T such that the Fourier coefficients 
of \x vanish at inhnity and the operator Mf(z) = zf(z) acting on L 2 (fi) is weakly supercyclic? 
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In view of the following proposition, an affirmative answer to the second question implies an 
affirmative answer to the first one in the Hilbert space setting. 

Proposition 1.1. Let n be a non-negative Borel measure on T such that its Fourier coefficients 
ju(n) = J z n u.(dz) {n G Z) vanish at inhnity, that is fi(n) — > as |n| — > oo. Then the projective 
orbit O pr (M, f) is weakly sequentially closed for any f G L 2 (fi), where the multiplication operator 
Mf(z) = zf(z) acts on -^(/-O- In particular, M is not weakly sequentially supercyclic. 

We provide an affirmative answer to Question 2 and consequently to Question 1. 
Theorem 1.2. There exists a Borel probability measure \x on T such that its Fourier coefficients 
vanish at inhnity and the operator Mf(z) = zf(z) acting on -/^(/-O is weakly supercyclic. 

Proposition f .f and Theorem 1.2 immediately imply the following corollary. 

Corollary 1.3. There exists a weakly supercyclic unitary operator on a separable Hilbert space, 
which is not weakly sequentially supercyclic. 

The proof of Theorem 1.2 requires a construction of a rather complicated singular continuous 
measure. Curiously enough, it is much easier to give an affirmative answer to Question 1 for 
Banach space operators. 

Given a bounded sequence {w n } n£ z in C \ {0}, the weighted bilateral shift T acting on ^>(Z), 
1 ^ p < oo or co(Z) is defined on the canonical basis {e n } n( zz by Te n = w n e n -i. We denote 

n 

B(k, n) — TT \wj\, for fc,nGZ with k ^ n. (1) 

j=k 

In the particular case w n = 1 we have the unweighted bilateral shift, which we denote as B. 

Salas [25], [21] has characterized hypercyclic and supercyclic bilateral weighted shifts in terms 
of weight sequences. We formulate his results in a slightly different form, however obviously 
equivalent to the original ones. 

Theorem S. Let T be a bilateral weighted shift acting on £ P (Z) with 1 ^ p < oo or Co(Z). Then 
T is hypercyclic if and only if for any k G N , 

lim max< max B(j — n, j), (min B(j, i ' + n) ) > — (2) 

and T is supercyclic if and only if for any k G N , 

lim (max B(j — n,j)] (mm B(j, j + n)] = 0. (3) 

V hltcfc / \u\<k J 



n— >- 



This theorem implies, in particular, that hypercyclicity and supercyclicity of a bilateral weighted 
shift acting on £ P (Z) with 1 ^ p < oo do not depend on p. It will be clear from the results below 
that it is not the case for weak hypercyclicity and weak supercyclicity. 

The main result of the paper [7] by Bes, Chan and Sanders is the following. 

Theorem BCS. Let T be a bilateral weighted shift acting on £ p (1i), 1 ^ p < oo. IfT is weakly 
1-sequentially hypercyclic then T is hypercyclic. If T is weakly 1-sequentially supercyclic then T 
is supercyclic. 

We prove the following slightly stronger statement. 

Proposition 1.4. Let T be a bilateral weighted shift acting on £ P (Z), 1 ^ p < oo or c (Z). If 
T is weakly sequentially hypercyclic then T is hypercyclic. IfT is weakly sequentially supercyclic 
then T is supercyclic. 

In [27] it is proved that the unweighted bilateral shift B acting on Co(Z) is weakly supercyclic. 
This result is a corollary of the following stronger one. 
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Theorem 1.5. The unweighted bilateral shift B on £ P (Z) is weakly supercyclic if and only if 
p>2. 

Thus, B acting on £ P (Z) for 2 < p < oo provides an example of a weakly supercyclic not weakly 
sequentially supercyclic isometric linear operator acting on a uniformly convex Banach space. 
Since any £p(Z) is densely and continuously embedded into co(Z), Theorem 1.5, via comparison 
principle, implies weak supercyclicity of B on Co(Z). It worth mentioning that the proof of the 
above result is completely different from the one in [27] for co(Z). Theorems 1.2 and 1.5 are in 
strong contrast with Ansari and Bourdon's result [2] that a Banach space isometry can not be 
supercyclic. In Chan and Sanders have shown that 

Theorem CS. The bilateral weighted shift T with the weight sequence w n = 2 if n ^ 0, w n = 1 
if n < acting on £ p (Z) for 2 ^ p < oo is weakly hypercyclic and non-hyper cyclic. 

They also raised the following natural question. 
Question 3. Does there exist a weakly hypercyclic non-hypercyclic bilateral weighted shift 
acting on £ P (Z) for 1 ^ p < 2? 

We answer this question negatively. 
Theorem 1.6. Let T be a bilateral weighted shift acting on £ p (7fc). If 1 ^ p < 2 and T is weakly 
hypercyclic then T is hypercyclic. Ifl^p^2 and T is weakly supercyclic then T is supercyclic. 

Theorem 1.6, Proposition 1.4 and Theorem CS immediately imply the following corollary. 

Corollary 1.7. Let 1 ^ p < oo. Then any weakly hypercyclic bilateral weighted shift acting 
on is hypercyclic if and only if p < 2. Moreover any weakly supercyclic bilateral weighted 

shift acting on £ p (7j) is supercyclic if and only if p ^ 2. 

Bes, Chan and Sanders [7J have also raised the following questions. 
Question 4. Does there exist an invertible bilateral weighted shift T acting on £ p {%) such 
that T and T~ l are both weakly hypercyclic and T is not hypercyclic? Does there exist a weakly 
hypercyclic bilateral weighted shift T, acting on £ P (Z) such that T is not supercyclic? 

We answer both questions affirmatively: 
Proposition 1.8. There exists an invertible non-hypercyclic bilateral weighted shift T acting 
on ^(Z) such that both T and T _1 are weakly hypercyclic. 

Proposition 1.9. For any p > 2 there exists a weakly hypercyclic bilateral weighted shift acting 
on £ p {1), which is not supercyclic. 

Section 2 is devoted to some basic facts about weak limit points, their relation with p-sequences 
and antisupercyclicity, a concept that was introduced in [29]. Proposition 1.4 is proved in the end 
of Section 2. In Section 3 Theorem 1.4, Proposition 1.8 and Proposition 1.9 are proved. In 
Section 4 we prove Proposition 1.1 and Theorem 1.2, which is probably the most difficult result 
in this article. Theorem 1.6 is proved in Section 5. In Section 6 we discuss the tightness of certain 
results of the previous sections and pose some open questions related to this work. 

2 Antisupercyclicity and weak closures 

Throughout this section A is an infinite countable set. Recall that ^oo(A) is the space of complex 
valued or real valued bounded sequences {x a } a£ A endowed with the supremum norm and co(A) is 
the subspace of £oo(A) consisting of sequences {x a } ae A such that {a G A : \x a \ > e} is finite for 
each £ > 0. For 1 ^ p < oo, £ P (A) is the space of sequences x G ^oo(A) for which 




4 



Of course, these spaces are isomorphic to the usual sequence spaces i p and cq indexed on No- The 
point is that sometimes it is more convenient to specify a different index set. For each a G A, we 
denote by e a the sequence in which all elements, except the a-th, whose value is one, vanish. It 
is well-known that {e a } ag A is an unconditional absolute Schauder basis in £ P (A) for 1 ^ p < oo 
and in c (A). This basis is usually called the canonical basis. For x G £ P (A) and y G £ q (A) with 
- + - = 1, we denote 

p q ' 

( x >v) = ^2^ a y a . 

aeA 

In what follows for a sequence x = {x a } a£ \ we shall usually write (x,e a ) instead of x a . The 
support of a sequence x = {x a } ae \ is the set 

supp (x) = {a G A : x a ^ 0} = {a G A : (x, e a ) ^ 0}. 

2.1 Antisupercyclicity 

A bounded linear operator T acting on a Banach space B is called antisupercyclic if the sequence 
{T n x/||T n x||} ng N converges weakly to zero for any x G B such that T n x ^ for each n G N . 
This is the case when the angle criterion of supercyclicity [20] is not satisfied in the strongest 
possible way. In Hilbert space antisupercyclicity means that the angles between any fixed vector 
y and the elements T n x of any orbit, not vanishing eventually, tend to 7r/2. 

Theorem 2.1. Let T be an antisupercyclic bounded linear operator acting on a Banach space 
B. Then for any x G B, the projective orbit O pT (T,x) is weakly sequentially closed in B. In 
particular, antisupercyclic operators are never weakly sequentially supercyclic if dim B > 1 . 

Proof. Let x G B and {y n } be a weakly convergent sequence of elements of O pr (T, x). For 
any m G No, let L m = {\T n x : A G C, ^ n ^ m}. If each y n belongs to L m for some m, 
then taking into account that L m is weakly closed, we see that the weak limit of the sequence y n 
belongs to L m C O pr (T, x). Otherwise, T n x ^ for any n G No and passing to a subsequence, 
if necessary, we can assume that y n = (c n /\\T mn x\\)T m7l x, where c n G C and m n is a strictly 
increasing sequence of positive integers. Since any weakly convergent sequence is bounded, we 
find that {c n } is bounded. Antisupercyclicity of T implies that z n = T mn x/\\T mn x\\ tends weakly 
to zero. Since c„ is bounded, we conclude that y n = c n z n tends weakly to zero, which is in 
O pr (T, x). Hence O pr (T,x) is weakly sequentially closed. □ 

2.2 Weak density and ^-sequences 

Lemma 2.2. Let 1 < p ^ oo, {c a } a ^ be a sequence of complex numbers and B p = £ P (A) if 
1 < p < oo, Boo = Co(A). Then zero is in the weak closure of the set Y = {c a e a : a G A} in the 
Banach space B p if and only if 

^|c a |- 9 = oo, where + 1 = 1. (4) 

Proof. Without loss of generality, we may assume that c a ^ for each a G A, otherwise the 
result is trivial. Assume that (TjJ is not satisfied. Then b G £ q (A) = B*, where b a = |c a | _1 , a G A. 
Clearly \(c a e a , b)\ = 1 for any a G A. Therefore zero is not in the weak closure of Y. 

Conversely assume that (BJ is satisfied. Then b ^ ^(A). Let xi,...,x m G £ q (A) = B* and 
a a = max \(xj,e a )\. Since a = {a a } G £ q (A), b ^ ^j(A) and the entries of a and b are non- 
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negative, we have inf a a b a l = 0. Finally observe that | (c a e a , Xj) | ^ ajo^ for any a G A and 

1 ^ j ^ m. Hence inf max \(c a e a , Xj)\ = 0. Thus, zero is in the weak closure of Y. □ 

Let 1 ^ p ^ oo. A sequence {x a } a£ \ of elements of a Banach space B is called a p-sequence if 
there exists c > such that 

^ c||a|| p for any n G N, any a G C n and any pairwise different ai, . . . , a„ G A. (5) 

For instance, each bounded sequence in £ p with disjoint supports is a p-sequence. Clearly {x a } 
is a p-sequence if and only if there exists a bounded linear operator 5 : B p —> B such that Se a = x a 
for each a G A, where £> p = £ P (A) if 1 ^ p < oo, £>oo = c (A). The concept of p-sequence provides 
an easy sufficient condition for zero to belong to the weak closure of certain sequences. 

Lemma 2.3. Let 1 < p ^ oo and {x a } a gA be a p-sequence in a Bunnell space i3 and {c a } Q gA be 
a sequence of complex numbers, satisfying ((4j). Then zero is in the weak closure ofY = {c a x a : 
a G A} in R 

Proof. Let B p = £ P (A) if 1 < p < oo and B^ = c (A). Since {x a } is a p-sequence, there 
exists a bounded linear operator S : B p B such that Sec = x a for each a G A. By Lemma 2.2, 
zero is in the weak closure of the set N = {c a e a '■ a G A} in B p . Since S(N) = Y and 5* : B p — > B 
is weak-to-weak continuous, we see that zero is in the weak closure of Y. □ 

The previous lemma allows us to prove the following proposition, which provides sufficient 
conditions for weak supercyclicity and hypercyclicity. 

Proposition 2.4. Let B be a Banach space, T : B — > B be a bounded linear operator, S be a 
subset of B such that fl = {\x : A G C, x G S} is weakly dense in B and u G B. Assume also 
that for any x G S, there exist p x G (1, oo], an infinite set A x C No and maps ot x , (3 X : A x — > C 
and 7 X : A x — > N satisfying 

(CI) {(3 x {k)T lx{ ~ k ">u — a x (k)x}k£A x is a p x -sequence in B; 
(C2) J2 Mk)\ qx = oo, where ± + j- = 1. 

k£A x 

Then u is a weakly supercyclic vector for T. 

If additionally S itself is weakly dense in B and a x = (3 X for each x G S, then u is a weakly 
hypercyclic vector for T. 

Proof. Let x G S. Lemma 2.3 along with (CI) and (C2) implies that zero is in the weak 
closure of {^)T lx{k) u - x : k G A x }. Thus, x is in the weak closure of {^-T^u : k G A x }, 
which is contained in O pr (T, u). Since x is an arbitrary element of S and O pr (T, u) is stable under 
the multiplication by scalars, we see that Q is contained in the weak closure of O pr (T, x). Taking 
into account that Q is weakly dense in B, we observe that O pr (T,u) is weakly dense in B. Thus, 
u is a weakly supercyclic vector for T. Suppose now that S is weakly dense in B and ct x = f3 x for 
each x G S. Then any x G 5* is in the weak closure of {T lx ^u : k G A x } C 0(T,u). Therefore 
0(T,u) is weakly dense in B. Thus, u is a weakly hypercyclic vector for T. □ 

The following lemma deals with perturbations of p-sequences. 
Lemma 2.5. Let {i Q } ag A and {y a }aeA be two sequences in a Banach space B, where the first one 
is a p-sequence for 1 ^ p ^ oo and b G ^j(A), where b a = \\x a — y a \\ and ~ + ~ = 1. Then {y a }a^k 
is a p-sequence. 

Proof. Since {x a } ae \ is a p-sequence, there exists c > such that ([5]) is satisfied. Let n EN, 
a G C™ and «i, . . . , a n be pairwise different elements of A. Upon applying the Holder inequality, 



E 



6 



we obtain 



Y a i y ° 



3=1 



^ ^ ctj {x a . y a - ) 

3=1 



< c||a|| p + |%|6 aj ^ (c + 



Hence {y a } a£ A is a p-sequence. □ 

We end this section with a sufficient condition for being a 2-sequence in a Hilbert space. 

Lemma 2.6. Let {g n } n eN be a bounded sequence in a Hilbert space % such that 

c = Y \(9n,9 m }\ 2 < oo. 

l^m<n<oo 

Then {g n } n ^n is a 2-sequence in H. 

Proof. Denote d = sup||g n || and let n G N, a G C n and mi, . . . ,m n be pairwise different 

positive integers. Applying the Cauchy-Schwartz inequality, we obtain 



Y a j9" 

3=1 



Y a i 9m ^Y ak9m k J = YY a i ak ( 9m j> 9m ^ ^ Y \ a j\ 2 \\ 9 ^j\\ 2+ 

x j=\ k=l I j=l k=l j=l 

1/2 / \ 1/2 

\aj(ik\ 



+ Y \ a 3 a k(9m s ,9m k }\ < d 2 \\a\\ 2 2 + ( Y 

( Y \a,a k A 1/2 (2Y\(9j,9k)\ 



< ^ 2 H a ll2 



1/2 



( C / 2 + (2c) 1 / 2 )||a||2. 



Hence ([5]) for A = N, x n = g n and p = 2 is satisfied with the constant (d 2 + a/2c) 1//2 . Thus, 
{fi'njneN is a 2-sequence. □ 



2.3 Proof of Proposition 1.4 

In [29] it is proven that 

Theorem A. A weighted bilateral shift T acting on £ p (1*), 1 < p < oo is antisupercyclic if and 
only if it is not supercyclic. 

The same result is true and the same proof works when T is acting on co(Z). One has to take 
into account that c (A) shares the following property with £ P (A) for 1 < p < oo: a sequence is 
weakly convergent if and only if it is norm bounded and coordinatewise convergent. This fails for 
sequences in ^i(A) and so does the above theorem. 

Let B p = £ P (Z) if 1 < p < oo and B^ = c (Z). The above result along with Proposition 2.1 
and the comparison principle implies that a weighted bilateral shift T acting on B p for 1 ^ p ^ oo 
is weakly sequentially supercyclic if and only if it is supercyclic. Moreover the projective orbits 
of T are weakly sequentially closed if T is not supercyclic. It remains to show that a weakly 
sequentially hypercyclic bilateral weighted shift is hypercyclic. The situation with hypercyclicity 
differs from that with supercyclicity since, as it was mentioned in |7], orbits of a non-hypercyclic 
weighted bilateral shift may be not weakly sequentially closed. The proof goes along the same 
lines as in [7], but we have to overcome few additional difficulties. 

Let 1 ^ p ^ oo and T be a weakly sequentially hypercyclic bilateral weighted shift on B v . 
Denote by f2 the set of weakly hypercyclic vectors for T. Let Q be the set of z G B p for which 
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there exist x G VL and a strictly increasing sequence {n k } ke -M Q °f positive integers such that the 
sequence T Hk x is weakly convergent to z. Since T is weakly sequentially hypercyclic, Q is weakly 
sequentially dense in B p . 

Lemma 2.7. For any z£(], any / G N, any £ > and any y £ B p with finite support, there exists 
v £ Bp with finite support and n G N such that n > I, \\v\\ p < e, \\T n y\\ p < e and \\T n v — z\\ p < e. 

Proof. Since zGfl, there exist a weakly hypercyclic vector x for T and a strictly increasing 
sequence n k of positive integers such that T nk x converges weakly to z as k — > oo. Since any weakly 
convergent sequence is bounded, there exists M > such that ||T rafc :r||p ^ M for any k G N . 
Clearly ||u — Pq^u\\ p — > as — >■ oo for any w G <B P , where 

Pa,d : i3 p ->■ B p , P a4 u = ^ ( M > e n)e n - 

n=a~d 

Pick r G N such that ||z — -Po^Hp < £/2. Since a; is a weakly hypercyclic vector for T and y has 
finite support, there exists m G N such that |(T m a;, e_,-)| > M\(y,ej)\/e, whenever j G supp(y). 
Taking into account that T is a weighted shift, we see that for any I G N , 

| (T m+l x, e 3 ) | > M\ (T l y, e 3 )\je, whenever (T l y, e 3 ) ^ 0. 

Hence ||T z t/|| p < -^||T m+/ a;||p for each I G No. In particular, for I = n k — m, we have 

\\T nk ~ m y\\ p < j-^\\T nk x\\p ^ e, whenever n k ^ m. 

Denote v k = T m P rikir x. Clearly ||u fc || p ->■ as k ->■ oo. Since T nk ~ m v k = P , r T nk x and T" fc a; 
converges weakly to z, we see that T nk ~ m v k converges weakly to Po, r z. Since all the vectors 
T nk ~ m Vk belong to the finite dimensional range of Po,r, we have \\T nk ~ m Vk — Po, r z\\ p — > 0. Choosing 
k large enough, we can ensure that n k — m > I, \\vk\\ p < £ and \\T nk ~ m Vk — Po,rz\\ p < e/2. Since 
\\z — Po >r z\\ p < s/2, we have \\T nk ~ m v k — z\\ p < e. Thus, v = v k and n = n k — m satisfy all desired 
conditions. □ 

Lemma 2.8. For any sequence {z k }ken of elements of f2 there exist a weakly hypercyclic 
for T vector x G B p and a strictly increasing sequence {n k } kG ^ of positive integers such that 
||T nfc a; — z k \\ p — > as k — > oo. 

Proof. Since any sequence of elements of Q is a subsequence of a sequence of elements of 
Q, which is norm-dense in Q, we can, without loss of generality assume that {z n : n G N } is 
norm- dense in Q. 

By Lemma 2.7 we can construct inductively a strictly increasing sequence {n k } ke fq of positive 
integers and {a^jfceNo of vectors in B p with finite supports such that 

\\xk\\ P < s k , \\T nk u k \\ p < s k and \\T nk x k - z k \\ p < s k , where 
u = 0, u k = x + . . . + x k _i if k ^ 1, s = 1 and 
Sfe = 2- fc min{l,||T"°||; 1 ,...,||T"'=- 1 ||; 1 } if k ^ 1. 

oo oo 

Since \\x k \\ p ^ 2~ k the series Yl x k is absolutely convergent in £ P (Z). Let x — x k . Then 

k=0 k=0 



\\T nk x-z k \\ p = 



(T nk x k -z k )+T nk u k + J2 T 



nk x 3 



j=k+i 

oo oo 



p 



^ 2s k + ll Tnfc llp s i < 2- fe+1 + 2 ~ j = 3 ' 2 ~ k ~> as A; ^ oo. 

j=k+l j=k+l 
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Since {z n : n G No} is norm-dense in fl, fl is weakly dense in B p and ||T nfe x — Zk\\ p —> 0, we see 
that x is a weakly hypercyclic vector for T. Thus, x and {nk} satisfy all desired conditions. □ 

Let {w n }neNo be a sequence of elements of fl weakly convergent to u G B p . By Lemma 2.8 
there exist a weakly hypercyclic for T vector x G B p and a strictly increasing sequence {fc n } n eN 
of positive integers such that ||T fcn x — u n \\ p — > as n — > oo. Since w n tends weakly to u, we have 
that T kn x tends weakly to u. Hence uell and therefore fl is weakly sequentially closed. Since fl 
is weakly sequentially dense in B p , we have fl = B p . Taking a norm dense sequence {/ n }neN i n 
fl = B p and applying Lemma 2.8 once again, we obtain y G B p and a strictly increasing sequence 
m n of positive integers such that \\T mn y — f n \\ p — > 0. It follows that 0(T, y) is norm dense in B p . 
Hence y is a hypercyclic vector for T. The proof is complete. 

3 Weakly supercyclic and hypercyclic bilateral shifts 

Before proving Theorem 1.5, and Propositions 1.9 and 1.10, we, using Proposition 2.4, shall 
derive sufficient conditions for weak hypercyclicity and weak supercyclicity of invertible weighted 
shifts in terms of weight sequences. Our sufficient condition of weak hypercyclicity of a bilateral 
weighted shift differs from the one of Chan and Sanders [9] and is fairly easier to handle. In fact 
it is possible, using basically the same proof, to generalize our criteria for non- invertible bilateral 
weighted shifts, but the conditions become too heavy in this case. 

Recall that the density of a subset A C No is the limit lim where N is the counting 

n— >oo n 

function of A, that is, N(n) is the number of elements of the set {m eA:m< n}. The following 
elementary lemma can be found in many places, see for instance [19J, Chapter 1. 

Lemma 3.1. Let A be a subset of N of positive density and {s n }neN be a monotonic sequence 
of positive numbers. Then ^ s n = oo if and only if s n = oo. 

For a sequence x = {x n }nez of complex numbers denote 

7(x) = max |n|. 

nSsupp (x) 

In the following two lemmas B p = £ P (Z) if 1 ^ p < oo and B^ = co(Z). 

Lemma 3.2. Let 1 ^ p < oo, and {ct n }„ g N be a sequence of non-negative numbers such that 
lim a n = oo. Then there exists a map x : No — > B p such that 

n— >oo 

(Ul) the set S = x(No) consists of vectors with finite support and is norm-dense in B p ; 

(U2) 7(x(n)) ^ a n and \\*c(n)\\ p ^ a n for each n G No; 

(U3) for each x G S \ {0} the set x~ l (x) has positive density. 

Proof. Take a dense in B p sequence {x n } ng N of pairwise different non-zero vectors with 
finite support. Since lim a n = oo, we can pick a strictly increasing sequence {m n } neNo of positive 

integers such that \\x n \\ p ^ au and 7(x n ) ^ au for each k ^ m n . Choose a strictly increasing 
sequence {p n }n&% of prime numbers such that p n > m n for any n G No and put 

Ao = {jpo + 1 : j G N} and A n = {p ■ . . . ■ p n -i(jPn + 1) : J G N} for n > 1. 

Each A n is an arithmetic progression and therefore has positive density. From easy divisibility 
considerations it follows that the sets A n are disjoint. This allows us to define the map kappa by 

oo 

setting x(m) = x n if m G A n and x(m) = if m G No \ 1J A n . 

n=0 
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Since S = x(No) = {0} U {x n : n G No}, we see that 5* is dense in £ P (Z) and consists of 
vectors with finite support. Since x _1 (x n ) = A n , condition (U3) is satisfied. Let m G A n . 
From the definition of A n it follows that m ^ m n and therefore x(m) = x n satisfies (U2). If 

oo 

m G No \ |J A n , then x{m) = and (U2) is trivially satisfied. Thus, x satisfies all required 

n=0 

conditions. □ 

For n G No and mGZ denote 

L(m, n) = {k G Z : \k — m\ ^ n}. (6) 

Clearly 

L(a, 6) n L(c, d) = if and only if \a — c\ > b + d. (7) 

Lemma 3.3. Let T be a bilateral weighted shift acting on B p , 1 ^ p ^ oo, {a n }„ e N , {fn}neN be 
monotonically non-decreasing sequences of non-negative integers such that such that r n — r n _i — 
r n _ 2 > a n + a n _x for any n ^ 2, }n,/ceN ^ e a double sequence of vectors from £ p (Z) such that 
l(x n ,k) ^ a n for each n, k G N and 

y k = Yl T r ^x n , k eB p , keN. 

a n <(r k -r k _ 1 )/2 

Then y k have disjoint supports. 

Proof. Since 7(£ n ,fc) ^ a n , we have supp (x Hjk ) Q L(0, a n ) for each n,k G N , where the sets 
L(m, n) are defined in (J6]). Therefore supp (T rk ~ rn x n ^) C L(r n — r k , a n ) for each n,k & N . Hence, 

supp C (J L(r n - r fc , a„). 

a n <(r k -r k _ 1 )/2 

Let /c, / G N and k > I. We have to show that supp (y k ) fl supp (?//) = 0. According to the last 
display and ([7]) it suffices to verify that 

I (r„ - r k ) - (r m - n) I >«n + a m / g \ 
if m, n G N , a n < (r k - r fc _i)/2, a m < (n - rj_i)/2, n/lr and m ^ /. 

Let m, n G N be such that a n < (r k — r k -i)/2, a m < (r; — rj_i)/2, n ^ k and m^l. 

Case m n. Denote j = max{n, fc, m, I}. Since n^k, m^l, k^l and m / n, we see that 
j ^ 2 and no cancelation occurs in the expression (r„ — r^) — (r m — r;). Thus, 

- r k ) - (r m - r;)| ^ rj - - rj- 2 > dj + ^ a k + a t . 

Case m = n. Since k > I, we have 

|(r n - r k ) - (r m - r{)\ = r k - r k - r fc _i > 2a n = a n + a m . 

Thus, ([8]) is satisfied and therefore the supports of y k are disjoint. □ 

Let T be an invertible bilateral weighted shift acting on £ P (Z), 1 < p < oo and w = {w n } ne i 
be its weight sequence. As usual (3(a,b) stand for the numbers defined in ([I]). 

Proposition 3.4. Suppose that there exist a sequence \r n}neNo of positive integers and se- 
quences {a n } n( zfq , {pn}neN„ of positive numbers such that 
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(Wl) a n — > oo as n — > oo; 

(W2) r n+2 - r n+1 - r n -)• oo as n -)• oo; 

oo 

(W3) EP P n<Khr n )- p <oo; 

n=0 

(W4) ff max 4^/3(^-^ + 1, Of + £ ^/3(1, r n - r m )-*X) = oo. 

Tlien T is weakly supercyclic. 

If a sequence {r n } ngNo of positive integers and a sequence {a n } n£ ^ of positive numbers can 
be chosen such that conditions (W1-W4) are satisfied with p n = 1, tiien T is weakly hypercyclic. 

Proof. Since T is invertible, there exists c > 1 such that c _1 ^ ^ c for each n G Z. 
Therefore c a ~ 6_1 ^ /3(a, 6) ^ c fc - a + 1 f or each a, 6 6 Z, a 0. Moreover, 

' ' ( "" ^ c 2 ^' 1 for each a, 6, j e Z, a < 6. (9) 



/3(a + j,& + j) 

Let x be a vector from £ P (Z) with finite support. Using we obtain that for any n G N 



|7-»,-|| /( < ||,-|| max (/Jtf + U + n))- 1 < J^- max — ffig- < H^-fi (10) 
IjKtW p(l, n) UKtW p(j + 1, j + n) p(l,n) 



||T n x|| p ^ max — n + ^ 

< \\x\\ p P(l - n, 0) max ^7" + ^) < W(l - n, 0)c 2 ^. (11) 

\j\<l(x) (9(1-71,0) 

Note that the conditions (W1-W4) remain valid if we replace r n , ot n and p n by r n+m , a n+m 
and p n+m respectively for any fixed non-negative integer m. Thus, taking (Wl) into account, we 
can, without loss of generality, assume that r\ > r and r n > r n _i + r n _ 2 for each n ^ 2. 

According to (W3) we have 

oo oo 

f? n a?J{l,r n -r k )-v^c r * ^ «/3(l, r n )-* < oo for each G N . 

n=fc+l n=fc+l 

Hence we can pick a strictly increasing sequence {mk}k&n of positive integers such that 

oo 

r n - r fc )" p < p^2- pfe for each fc G N . (12) 

n=mj. 

Now choose a monotonically non- decreasing sequence {a n : n G No} of non-negative integers 
tending to infinity slowly enough to ensure that 



2a mfc < rfc — rfc_i for each fceN; (13) 
a n c 2s " < a n for each n G N ; (14) 
a n + a n _i <r n - r n _ l - r n _ 2 for each n ^ 2. (15) 

According to Lemma 3.2 there exists a map x : No — > ^ P (Z) such that the conditions (Ul), 
(U2) and (U3) are satisfied. Since supp (T~ Tn x(n)) C L(r n ,a n ), from (TT5]) and (j7]) it follows that 
the supports of T~ rn x(n) are disjoint. The estimates fflUj) . (U2) and f fl4|) imply that 

\\T- rn x{n)\\ p < ^^^(l,^)" 1 < a n /3(l,r„) -1 for each n G N . 
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By (W3), Yl Pn\\T Vn>c ( n )\\p < oo. Since the supports of T rn x{n) are disjoint, the series 



n=0 



oo 

// -- y^p ra r~' r "x(n) 

n=0 



is norm- convergent in £ P (Z). It suffices to prove that u is a weakly supercyclic vector for T and 
that u is a weakly hypercyclic vector for T if p n = 1. 
Clearly T rfc u = pk^cik) + v k + Zk + yk, where 

fe-i 

^ fc = E p n T^x(n), z k = PnT rk ~ rn x(n), y k = E p n T r ^ x{n) . 

a n ^(r k -r k _ 1 )/2 a n <(r k -r k _ 1 )/2 n=0 

From ([II), (JIDL (U2) and $11]), we have 

\\T r »- r "x{n)\\ p s= a^P^rn-rk)- 1 ^ a„/3(l, r n - r k )~\ if n > k; (16) 
\\T r ^H(n) \\ p sC a n c 2a -(5{r n - r k + 1, 0) ^ «„/3(r„ - r fc + 1,0), if n < fc. (17) 

Since T preserves disjointness of the supports and the supports of T~ rn x{n) are disjoint, we 
see that for any fceN the supports of T rfc_r "x(n), n G No are also disjoint. Hence, 

\\v k \\l= E /^ll Trfc " r " x Hllp for any k G N. 

a n^(r fc -r fc _ 1 )/2 
n> fc 

Applying (fl3l. and (ITBl). we obtain 

Nil? < E /£r rfe - r ^HII£ < E ^o^(l, r B -r k )~ p ^ p p k 2~ kp for any k G N. (18) 

Analogously, applying ( fl6l) and ( TP71) , we get 



ra=fc+l n=fc+l 
fc-1 fe-1 

\Vk\\ P p = J2pn\\ T " k ~ rn ^ n )W P P ^Y.<^n-T k + 1,0)*. 

n=0 n=0 



Hence 



Zk + J/fcllS = \\yk\\p + Ikfcllp ^ < ftffik, where 



m—l 



e m = E^' 9 ( r -- r - + 1 ' ) P + E ^/3(l,r n -r m )-f and fl fc = max £ m . 

n=0 n=m+l 

In view of (fTBl) . Lemma 3.3 implies that the sequence {y/c + ^j-fceN has disjoint supports. Hence 
{Pk X ®k l ^ P {Vk + z k)} is a p-sequence in £ P (Z) as a bounded sequence with disjoint supports. Since 
the sequence 9k is monotonically non-decreasing, it is bounded from below by a positive constant 
and therefore from ( fl8l) and Lemma 2.5 on small perturbations of p-sequences it follows that 
{Pk 1 ®k ^ P ( v k + Vk + Zk)} is a p-sequence in £p(Z). Since T Tk u = p k x{k) + v k + z k + yk, we see that 
{p k 1 6 k l ^ p T r ' k u — 6 k x(k)} ke ^ is a p-sequence in £ p (Z). 
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Pick x G S = x(No) \ {0} and let A x = x 1 (x). By (U3) A x has positive density. According 

OO 

to (W4), J2 e k l ' {P ~ l) = oo- B y Lemma 3.1 £ 6^ l/(p ~ l) = oo, or equivalently £ Vp ) 9 = oo, 

where i + ~ = 1. Since x(&) = x for any G Ab, we see that {p k 1 6 k 1 ^ p T r ' k u — 6 k 1 ^ p x}keA x is a p- 
sequence in £ P (Z). Since S is dense in £ P (Z), Proposition 2.4 implies that w is a weakly supercyclic 
vector for T. If additionally p n = 1, Proposition 2.4 implies that u is a weakly hypercyclic vector 
forT. □ 

Remark. An analog of Proposition 3.4 holds for invertible bilateral weighted shifts on Co(Z) 
and the proof is basically the same. One has to replace conditions (W3) and (W4) by 

(W3') lim p n a„/3(l,r n )- 1 =0; 

n— >oo 

1 



oo 



fc=l 



(W4') max max ^^P^n - r m + 1, 0) + max ^£«/9(l, r n - r m )^ = oo. 



3.1 Proof of Theorem 1.5 

We have to prove that B is weakly supercyclic for p > 2. Take {r k } being any sequence of 
positive integers, satisfying the condition (W2) of Proposition 3.4, for instance r k = 2 k . Clearly 
for the unweighted bilateral shift, we have (3(a,b) = 1 for each a, b G Z, a ^ b. Therefore, if 
(W3) is satisfied, then the k-th term in the sum in (W4) is bounded from below by cp k ^ p 
for some positive constant c. Thus, all conditions of Proposition 3.4 will be satisfied if we find 

oo 

sequences {a n }„ g N and {p n }neN °f positive numbers such that a n — > oo, Yl a nPn < 00 an d 

n=0 

oo 

S Pa/ = °°- This can be achieved by choosing a n = ln(n+2) and p n = (ri+l) _1 / p (ln(n+2)) _2 . 

k=0 

3.2 Proof of Proposition 1.8 

Consider the sequence w = {w n } n£ ^ defined by the formula 

{2 if 7 ■ 9 k < m < 9 k+ \ k even, or -11 ■ 9 fe ^ m < -9 fc+1 , k odd; 
1/2 if 9 fc+1 < m< 11 ■ 9 fe+1 , k even, or -9 fc+1 < m < -7 ■ 9 fc , fc odd; 
1 otherwise. 

In this section T stands for the bilateral weighted shift with the weight sequence w, acting on 
^(Z). Obviously T is invertible. From definition of the weight sequence {w n } it follows that 
max{/3(— n, 0), (/3(0,to)) -1 } ^ 1 for each to G No- Hence T is not hypercyclic according to Theo- 
rem S. It remains to show that T and T _1 are weakly hypercyclic. 

Consider the sequences p n = 1, r n = 9 2n+1 and a(n) = lnln(ro + 4), to G N . Conditions (Wl) 
and (W2) of Proposition 3.4 are trivially satisfied. Using the definition of the weight sequence 
{w n }, one can easily verify that for even k G No 

0(1, a) = 2 a ~ 7 - 9k and /3(-a + l,0) = l if 7 ■ 9 k < a < 9 k+1 . (19) 

This implies that (3(1, r n — r^) > 2 92 " if to > and (3(r n — + 1, 0) = 1 if to < k. Now it is an 
elementary exercise to show that (W3) and (W4) for p = 2 are also satisfied. Thus, T is weakly 
hypercyclic according to Proposition 3.4. 

Since the operator T -1 is similar to the weighted bilateral shift T with the weight sequence 
w n = wZn, it suffices to verify that T is weakly hypercyclic. This follows from Proposition 3.4 
similarly via choosing the sequences p n = 1, r n = 9 2n + 2 and a (to) = lnln(n + 4), to G N . Indeed, 
(TL9]) is satisfied for odd k G N for the weight sequence w n . 



13 



3.3 Proof of Proposition 1.9 

Let p > 2 and <p : [0, oo) —> [1, oo) be the function defined as 

Consider the sequence w = {w n } ne z of positive numbers defined by the formula 

3" fc /2 



UK, 



(^Slr) if 3 ™ ~ 3 * +1 < l m ' ^ 3™ - 3 fe , n, k G N , n ^ fc + 2; 
(^Sf) 3 if 3™ < |m| ^ 3 n+1 - 3™, n G N c 



g-n 

; c on -■ I,.. I ^ o « + J ■") ii , . - T.\ 

I if m = or |m| = 3 n , n G No- 



In this section T stands for the bilateral weighted shift with the weight sequence w, acting on 
£ p (Z). It suffices to prove that T is weakly hypercyclic and non-supercyclic. 

It is easy to see that the sequence w is symmetric: w n = W- n , n G No and that w n — > 1 as 
\n\ — > oo. Hence there exists c > 1 such that c" 1 ^ w n ^ c for each n G Z. Therefore T is 
invertible. Using the definition of w it is straightforward to verify that 

13(1, T - 3 k ) = <p(n)/<p(h) r£n,ke N and n > k, (20) 
(3(1, 3 n ) = tp(n) for n G N . (21) 

We shall prove that T is weakly hypercyclic. Consider the sequences p n = 1, r n = 3 n and 
a(n) = lnln(n + 4), n G No. Conditions (Wl) and (W2) of Proposition 3.4 are trivially satisfied. 
Using (}2~Tj) . we see that 

oo oo 

^^</3(l,r n )^ = Y,<v{n)- p < oo. 

n=0 n=0 

Hence (W3) is also satisfied. Let now 



U = r j2^ L P(r n -r m + l,0) p + J2 ^/3(l,r n -r m )^ for m G N. 



p ^ y n Til i J ' / , p 

P m I 1 P m 

n=(J n=m+l ' 

Since p n = 1 and the weight sequence u> is symmetric, we using ( 120]) obtain 



m— 1 p oo 



n=0 n m n=m+l 



n=0 ^ ' n=m+l ^ ' n=0 

where A(p) is a positive constant depending only on p. Since p > 2, we have 

OO 1 oo 

max f m r~ > AW-^^W-p/H = oo. 



fc=l fc=l 



Thus, (W4) is also satisfied and Proposition 3.4 implies that T is weakly hypercyclic. It remains 
to notice that according to Theorem S, a bilateral weighted shift with symmetric weight sequence 
is never supercyclic. The proof is complete. 
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4 The multiplication operator M: proof of Theorem 1.2 



Let Ai = -M(T) be the space of a-additive complex- valued Borel measures on the unit circle T. 
We denote the set of non-negative measures /i G Ai as Ai + . It is well-known that Ai is a Banach 
space with respect to the variation norm ||/x|| = |/i|(T), where |/x| G Ai + is the variation of /x. 
That is, |/x|(^4) is the supremum of where A n are disjoint Borel subsets of A. The 

n 

set of measures |i£M, whose Fourier coefficients = J z n du.(z), n G Z tend to zero when 

T 

| n | — >■ oo will be denoted by .Mo- 

4.1 Proof of Proposition 1.1 

Let f,g G L 2 (fi). Then (M n f,g) = u(n), where z/ G .M is absolutely continuous with respect to 
/x with the density ^(V) = f(z)g(z). Since a measure absolutely continuous with respect to a 
measure from A4q also belongs to .Mo, see [17], we find that z/ G .Mo, that is, z/(n) — > 0. Hence 
(M n f, g)/\\M n f\\ = v(n)/\\f\\ — > for any non-zero / G L 2 (fJ,) and any (7 G L 2 (fj). Therefore the 
sequence {M n //||M n /||} tends weakly to zero. Thus, M is antisupercyclic. It remains to apply 
Theorem 2.1. 

4.2 Weak convergence of measures 

We need to introduce further notation. For a Borel measurable set K G T we denote by Ai(K) 
the set of /x G Ai such that |/x|(T \ f\") = 0. The support of a measure /x G .M is 

supp (/i) = p|{K C T : K is closed and /x G .M(K)}. 

Recall that the weak topology a on .M is the topology generated by the functionals 

/x^[/x,/] = j f(z)^dz), feC(T), 

T 

that is, a is the weakest topology with respect to which the functionals /x >->■ [/x, /] are continuous. 
For n G Ai and a Borel-measurable set A C T, /x. stands for the restriction of /x to A, that is 
/x, G Ai is defined by fi A (B) = fi(A fl 5). An interval I of T is a non-empty open connected 
subset of T and |/| will denote its length. 

Lemma 4.1. Let I n = {/", 7^, . . . , 1% }, n G N be a family of disjoint intervals of T satisfying 

(LI) for each n G N, any element of I n+1 is contained in some element ofI n ; 
(L2) max |/.™| — >■ as rx — > 00. 

Let also /x G .M+ and ji n G .M+, n G N be such that 

fen fen 

(L3) /i(T) = /x n (T) = £ /x m (/™) = £ //(/?) for any n G N; 
(L4) /x(7™) = ^"(Ij 1 ) for any n G N and j = 1, . . . , k n . 

Then the j/ 1 — — >■ /x as n — >■ 00 . Moreover [i n — >■ xx , m as n — )■ 00 for any m G N and 1 ^ j ^ fc m . 
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Proof. Let / G C(T) and e > 0. Since / is uniformly continuous, condition (L2) implies 
the existence of a G N and ^i, . . . , z\- a G C for which \f(z) — Zj\ ^ e if z G 7° and 1 ^ j ^ fc a . 
According to (LI), (L3) and (L4), fi n (Ij) = /J-(Ij) for each n ^ a and 1 ^ j < fc a . Hence for each 
n ^ a, we have 

/] - c j z j\ ^ c i e and !!/*?»>/] ~ c i z i\ ^ c i £ for 1 < J ^ n «> where c i = Hi 1 ?)- 
Therefore |[/i /a , /] — \\i n , /]| ^ 2cj£ if n ^ a and 1 ^ j ^ fc a . Thus summing over j, we obtain 

| [/!, /] - [//\ /]| ^ 2eJ2 Cj = 2/i(!> for n>a. 
3=1 

Hence /i n — ^ /i as n — > oo. 

Fix now m, j G N such that 1 ^ j ^ fc m . One can easily verify that conditions (L1-L4) remain 
valid if we replace IP by l n+m : u, n by yU™+ m and by /i . From what is already proven, follows 

3 3 

that n n t m ^ fi lm - Hence \i n // □ 

m 

Recall that a set A C T is called independent if Y\ z^ 3 ^ 1 for each pairwise different points 

i=i 

zi,...,z m G i and each non-zero vector (ni, . . . , n m ) G Z m . 

The set of probability measures /j G M, will be denoted by V, V ac will denote the set of 
measures in V absolutely continuous with respect to the Lebesgue measure and P fin will denote 
the set of measures in V with finite independent support. 

m 

Lemma 4.2. Let h, . . . , I m be disjoint intervals of T, A = [j Ij and /i G VnM(A). Then there 

3=1 

exist sequences u. n G V 3,0 and v n G (n G N) such that 

fffa) = u n (Ij) = for l^j^m and (22) 

f/ 1 /i, z/ n i/, /i™ /i 7 , i/™ /i 7 as n ->■ oo for 1 ^ j ^ to. (23) 

Proof. Let B be the set of atoms of /i, that is B = {z G T : //({-z}) > 0}, which is at most 

countable since u, is finite. Thus, for each interval J of T and e > 0, there exists a disjoint family 

d 

of intervals J±, . . . , such that max | X| < e, J,- C J for any j = 1, . . . , d and J \ (J X is finite 

and does not meet -B. In this way it is easy to choose a sequence I™ = {/", IV; , . . . , of disjoint 
families of intervals of T with I 1 = {ii, . . . , 7 m }, for which (LI) and (L2) are satisfied and for any 

nGN and the set |J 7" \ \J 7™ +1 is finite and does not meet B. The latter property implies that 
j'=i J=i 

fen 

J^M 7 ") = 1 for each neN - ( 24 ) 

3=1 

Now we can define u, n and i/ 1 . Let u. n be the absolutely continuous measure with the density 

3=1 
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where Xj denotes the indicator function of a set / and c™ ^ are chosen in such a way that 
/i n (J") = fi(If) for 1 ^ j ^ k n . Hence = fi(Ij) for n G N and 1 < j ^ m. From (El) it also 

follows that /i n G V ac . 

To define z/ 1 , choose a set of independent points z n j G 1 ^ j ^ £;„ and consider 

fen 

i=i 

where S z stands for the probability measure with the one-point support {z}. From (T24")) . we see 
that v n G V and therefore v n G P fin . Obviously z/ n (7") = for 1 ^ j ^ &;„ and therefore 

v n (lj) = ^(Ij) for j = 1, . . . ,m. Thus, (122]) holds. Finally (1231) follows from Lemma 4.1. □ 

Next lemma is the main building block in the inductive procedure of constructing the measure, 
asserted by Theorem 1.2. 

Lemma 4.3. Let e > 0, k G N, hi, . . . , h n G C(T), 1%, . . . , I m be disjoint intervals, ci, . . . , c m G 

m 

C \ {0} with a = max{|ci|, . . . , \c m \} ^ 1 and // G "P ac be such that pijj) = !• Then there exist 

f G P ac and G N, k > ko satisfying 

(Bl) v(Ij) = n(Ij) for 1 ^ j < m; 
(B2) | [// - i/, /ij] | < £ for 1 < Z < n; 
(B3) |^(Jfe) - Cjnilj)] < e for 1 ^ j < m; 

(B4) ||A-^||oo < 2a. 

Proof. Since /x, are absolutely continuous, ft7 (k) — )■ as Ifcl — >■ oo for 1 ^ j ^ m. Therefore 

i - ^ 

there exists fci G N such that \n T (k)\ < e/3 if Ifcl ^ fci and 1 ^ j m. By Lemma 4.2, there 
exists 7 G "P fin such that 

7(^0= //(/,•) for l^j^m; (25) 
| - 7 , Aj] | < e/(2m) for 1 < j < m and 1 < Z < n. (26) 

Since supp (7) = {ui, . . . ,un} is an independent set, the Kronecker theorem [17J implies that the 
sequence {(iti, . . . , u k N )} : k G N} is dense in T^. Consider the vector 6 G defined by 

6 S = Cj/\cj\ if u s G Ij. 

Choosing k > max{fc , ki} in such a way that (it*, . . . ,u%) is close enough to 9, we can ensure 
that 

|7j(fc) - c^O/MI = |7^(A;) - c.MWMI < e/3 for 1 ^ j ^ m. (27) 
Applying Lemma 4.2 once again, we obtain that there exists 77 G V ac such that 

n{I 3 ) = 7(1,) = //(/,-) for 1 ^ j < m; (28) 
I b?r - Tr > Pi] I < s/{2m) for 1 ^ j < m and 1 ^ / < n; (29) 
\ru(k) -jT(k)\ < e/3 for 1 ^ j < m. (30) 

The required measure is 

m 

v = ^(1 - IcjD/x^ + \cj\rij., (31) 
i=i 
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which, since \cj\ ^ 1, is non- negative and clearly absolutely continuous. From (128]) we find that 
v(Ij) = for l^j^m. Thus, v G P ac and (Bl) holds. From (JSJ it follows that 



I [/^ - V % . 



i=i 



Using (|26]) and ([29]) . we obtain 

— z/, ^]| < am(e/(2m) + e/(2m)) ^ ae ^ e for 1 ^ j ^ n. 

Hence (B2) holds. Suppose now that 1 ^ j ^ m. Then 

\u^(k) - Cjfi(Ij)\ = |(1 - \cj\)^(k) + {cjl^i^-Cjfiil^l ^ 

< 1/^0)1 + l c i I \%( k ) ~%( k )\ + \ c j\\%( k ) - c iM J i)/l c ill- 

Thus by ( l30l) . ( 1271) and the inequalities < e/3, |cj| ^ 1, we obtain \v^\k) — CjU,(Ij)\ < e, 

that is, (B3) holds. Finally from ( 1281) it follows that ||/i 7 .|| = H^H = M-T?) an d we have 



l/^-^lloo < \\fi-v\ 



^ 2a ^ //(/,-) = 2a. 
i=i 



Thus, (B4) also holds. □ 

Lemma 4.4. Let 5 n > and /„ G C(T) (n G N) be sucn tiiat ||/ n ||oo ->■ asn ->■ oo and 
II /n|| oo ^ 1 fo r aii y wGN. Tnen there exists fi G P D .Mo and a strictly increasing sequence k n of 
non-negative integers such that 



| [/i, g n g m ] I < whenever n > m, 

where g n (z) = z kn - f n (z). 

Proof. First of all, we take a sequence {enjneN of positive numbers such that 



(32) 



Ek < 5 n /6 for each n G N. 



(33) 



k=n 



For any n, k G N, 1 ^ k ^ n, let be the interval of T between e 2m ^ k and e 2mk ^ n (going 

n 

counterclockwise). Obviously, for any fixed n, the intervals I", . . . , I£ are disjoint and T \ (J 7™ 

j'=i 

?i 

is finite. Therefore z/ = ZA. n for any n 6 N and any continuous measure v G .M. 

fc=i fe 

Set a n = ||/n||oo- For each n G N we shall construct inductively non-negative integers k n , j n , 
m n , complex numbers c"' d , 6" (1 ^ d ^ n, 1 ^ j ^ m n ) and a measure \i n G "P ac , satisfying the 
following conditions: 

(PI) ^ k n ^i < k n , 1 ^ < j n and 1 ^ m n _i < m n if n ^ 2; 
(P2) m n _! is a divisor of m n for n ^ 2; 



(P3) IcJH < 2, |&?| < a n+1 , |a d (z) - c"' d | < e n+1 and |/ n+1 (*) - 6?| ^ e n+l for 1 ^ d < n, 

1 < j < m n and z G IJ 1 ™, where gd{z) = z kd — fd(z); 
(P4) ^(I" 1 - 1 ) = ^-^J™"- 1 ) for 1 < j ^ m„_i and n > 2; 
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(P5) \fi^{k n ) — 6™ 1 /i n (/ J m " x )\ ^ e n /m n _i for 1 ^ j ^ m n _i and 77, ^ 2, where /i™ is the restriction 
oi H n to if- 1 ; 

(P6) |^(/)| <e„ for |Z| >j n] 

(P7) |/?(Z) - ^(01 < £ n for |Z| < 3n-i if n ^ 2; 

(P8) ||^ - J^IU ^ 2a n+1 for n ^ 2; 

(P9) | [/i n - /i n_1 , # m <#] | < s n for 1 ^ Z < m ^ ra - 1 and n ^ 2. 

Set fci = and gi(z) = z kl — f\{z) = 1 — Take an arbitrary measure yU 1 G V ac . Since 

the functions /2 and g\ are uniformly continuous, there exist m% G N and complex numbers c ' , 

& ) (1 < i ^ m i) such that \cY\ ^ ||#i||oo ^ 1 + «i < 2, ^ ||/ 2 ||oo = «2 and ^(z) - cj' 1 ] ^ e 2 , 
1/2(2;) — ^ e 2 if 1 ^ j ^ mi and 2 G I™ 1 . Since /i 1 is absolutely continuous, there exists ji G N 

such that |/x 1 (Z)| ^ E\ for |Z| ^ j\. Thus, fci, ji, mi, c,-' , Z>] and /i 1 satisfy (P3) and (P6): the only 
conditions required for n — 1. The first step (basis) of induction is done. 

Assume now that n ^ 2 and fc;, jj, m^, c^ d , 6'- and /i' for 1 ^ Z ^ n — 1, 1 ^ d ^ I and 
1 < j ^ m ; , satisfying (P1-P9) are already constructed. We have to construct /c n , j n , m n , c"' d , 6" 
and /i n . 

By Lemma 4.3 applied for fi = /x" -1 , Ij = I™"" 1 , Cj = b™~ , k = k n _i, m = m n _i, e = e n /m n _i 
and the finite set of functions {hj} being {gmVi '■ 1 ^ I < rn ^. n — 1} U {z l : \l\ < j n -i}, there 
exists a measure \i n G V ac and k n G N such that fe n > fe n _i and (P4), (P5), (P7), (P8) and (P9) 
are satisfied. 

Since f n+ i and g<i(z) = z kd — f d (z) (1 ^ d ^ n) are uniformly continuous and Halloo ^ 1 + ^d ^ 
2, ||/n+i||oo ^ a n+i, there exist m n G N and complex numbers cj' d , 6" (1 ^ d ^ n, 1 ^ j ^ m n ) 
such that m n > m n _i, m n „i is a divisor of m„ and (P3) is satisfied. Since fi n is absolutely 
continuous, there exists j n G N such that j n > and (P6) is satisfied. Obviously conditions 
(PI) and (P2) are also satisfied. 

Thus, the induction step is described and the construction of k n , j n , m n , c™' d , tV™ and /i n is 
complete. 

First, we shall prove weak convergence of fi n to a measure /i G V. Let / G C(T) and s > 0. 
Since m n — > 00 as n — )• 00 and / is uniformly continuous, there exist a G N and complex numbers 
z\, . . . , Zm Q such that \f(z) — Zj\ ^ e if 2 G J" and 1 ^ j ^ m a . From (P2) and (P4) it follows 
that fi n (Ij) = fi m (Ij) if m ^ a, n ^ a and 1 ^ j ^ m a . The same argument as in the proof of 
Lemma 4.1 shows that [fi n — /i m , /] ^ 2e for any m,n ^ a. Hence /i n is a Cauchy sequence with 
respect to a. Since, according to the Prokhorov theorem [S], V is compact in (M, a), there exists 
ji G V such that /i n — — >■ as n — > 00. 

Next, we shall show that fi together with the sequence k n satisfy the statement of the Lemma. 
First, we prove that \i G M.q. Let n G N and Z G Z be such that j„ ^ |Z| < j n +i- By (P6) 
^(Z)! ^ e n . According to (P7) we have |/i fc+1 (Z) - ^ k {l)\ < for A; > n + 1. Finally, (P8) 
implies that |yU n+1 (Z) — /U n (Z)| ^ 2a n+2 . Thus, 

00 00 

|?(0I< 1/^(01 + 1/^(0-/^(01+ E l/^ 1 (0-?(0K2a n+2 + 5^5,^0 

fc=n+l J=?l 

as n — >■ 00. Therefore /x(Z) — > as |Z| — > 00, that is /x G .Mo- 
lt remains to estimate [/x, ^ n ^d]- Let cZ, n G N and d < n. Denote h n (z) = z kn . Since gi = hi-fi, 
we can write 

IV. l.n—\\ n—l,d . f-in—X s \ n—l,d . / n—l,d\ 

g n gd = [K - bj )Cj + (bj - j n )Cj + g n {g d - Cj ). 
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m»-i 

Taking into account that \i n = $1 where /x" is the restriction of /i n to Ij 1 "' 1 , we obtain 

3=1 

m n -i m n -i 

[/A QrM = E K> ^ = E + B " + Where 

i=i j=i 

a™ = [/i™, (A n - bf 1 )^], b 1 ; = (b]- 1 - f n yf d \ and cy = <? n (^ - if 3 )]. 

Using that ||<7 n ||oo ^ 1 + °n ^ 2 and (P3), we find that |c™' rf | ^ 2 and \b™~ 1 — f n ( z )\ ^ £ n and 
|<7d(z) — c™' d | ^ e n for 2; G J™"" 1 . Since //" is supported on J™"" 1 , we have 

^ 2e nf x n (I^- 1 ) and |C?| < 2e n fi !l (I^- 1 ). 

On the other hand 

a] = ^(t/i™, m - &rv n (/r -1 )) = ^(/?(^) - fervor"))- 

Using (P5) and the fact that \c™ ,d \ ^ 2, we obtain 

\A]\^ 2e„/m n _i. 
Upon putting the estimates on A", _B™ and C™ together, we have 

m n -i /m„-i \ 

rfl < E (1^1 + 1^1 + < 4e « E A t "( / r _1 ) + 2m„- 1 £ n /m n _ 1 = 6e n . 

i=i V i=i / 

From (P.9) for m ^ n > d it follows that 

|[/i m+1 -/i m ,^]K£ m+1 . 

Therefore, from (1331) we see that 



I \/J>, 9n9d] I ^ I [/A #n£d] I + E I ^ m+1 _ ^ n ^] I ^ 6e n + E e ™+i < 6 E £m < 

m=n m=n m=n 

Thus, /i satisfies all required conditions. □ 
4.3 Proof of Theorem 1.2 

We choose a set 5 = {/i n : n G N} dense in the unit sphere of the Banach space C(Y) and a 
one-to-one map <p = ((pi, ip<i) from N onto N 2 . We consider 

which are in C(T), ||/ n ||oo < 1 f° r anv i G N and ||/ n ||oo ~~ ► as n — > oo. By Lemma 4.4 there 
exists fj, G V fl A^o an d a strictly increasing sequence fc n of positive integers, such that 

{[[A, g n ~g~^)\ ^ 2~ n whenever n > m, 

where g n (z) = z kn — f n (z). Since S is norm-dense in the unit sphere of C(T), we find that 
f2 = {Ax : A G C, x G S} is norm-dense in C(T), which is in turn norm dense in L 2 (fi). It follows 
that fl is weakly dense in L 2 (aO, 



20 



Since ||/t, <7 n <7m]| = (9n,9m), where (•, •) stands for the inner product in L 2 (/i), we have 

oo 

£ \(9n,9m)\ 2 <X>- 1 ) 4_B <0 °' 

n>m 

According to Lemma 2.6, {(?n} is a 2-sequence in L 2 (/x). 

We shall show that the constant function u(z) = 1 is a weakly supercyclic vector for the 
operator Mf(z) = zf(z) acting on L 2 (/i). For n G N, let A n = {m G N : ifi(m) = n}. Since 
is one-to-one from N onto N 2 , it follows that y? 2 is one-to-one from A n onto N. Let m E A n . We 
have f m = 2' n (^ 2 (m))~ 1/2 h n and # m = T km u - f m . Hence 

9m — Pijm^T 1 ^ — a{m)h n for each m G A n , 

where /3(m) = 1, 7(772) = k m and a(m) = 2~™(<^ 2 (m))~ 1 / 2 . Since <£> 2 is one-to-one from A n onto 
N, we obtain 

00 

|«(m)| 2 = £ (2«(^ 2 (m)) 1 / 2 )- 2 = 2- 2 «£r 1 = oo. 

meA n rnGA„ j=l 

Upon applying Proposition 2.4, we see that u is a weakly supercyclic vector for M. Clearly the 
requirement \i G V H .Mo also holds. The proof of Theorem 1.2 is complete. 



5 Proof of Theorem 1.6 

We start with reformulating the Salas criteria of hypercyclicity and supercyclicity of bilateral 
weighted shift in a more convenient form. This form is reminiscent of the one of Feldman [14] . 
which he obtained under the additional assumption of invertibility. 

Proposition 5.1. Let T be a bilateral weighted shift acting on £ P (Z) with 1 ^ p < oo or c (Z). 
Then T is hypercyclic if and only if for any k G N , 

lim m&x{/3(k - n + 1, fc), (/3(k + l,k + n))' 1 } = (34) 

n— >oo 

and T is supercyclic if and only if for any k G N , 

Ijm (3(k-n + l,k)/3(k + l,k + n)- 1 = 0, (35) 

n— >+oo 

wiiere /3(a, 6) are the numbers dehned in (JTj) . 

Proof. Obviously, if (T5]) is satisfied for any k G No then fl34l) holds true for any G N and 
if ([3]) is satisfied for any k G No then fl35l) holds true for any fc G No. It remains to prove the 
opposite. For any m G N denote 

d m = (max{l, HHloo}) 2m m ^ n (3{a,b). 

—m^a^b^m 

Suppose that (1341) holds for any k G No and ([2]) fails for = m — 1 G No- Then there 
exist sequences {j n }ne~N , {^n}neN an d c > such that \j n \ < m, |& n | < m and max{/3(j n — 
n ,jn), ((3(k n , k n + n))^ 1 } ^ c for each n G No- Since 

of , , n Ptin-n,j n )0(j n + l,m) 

f3{m - n + l,m) = — ^ d m /3{j n - n, j n ) and (36) 

f3(j n -n,m-n) 

at , 1 . * . (3(k n ,k n + ri)(3(k n + n+ l,m + n) B(k n ,k n + ri) 

0{m + 1, m + n) < < , (37) 
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we obtain that 

max{/3(m -n+ l,m), (/3(m + l,m + n)) -1 } > d m max{/3(j n - n, j n ), (P(k n , k n + n)) -1 } > cd m 

for each n G No- Thus, ( l34"j) fails for k = m. A contradiction. 

Finally suppose that ( 135]) holds for any fc G No and ([3]) fails for fc = m- le No- Then there 
exist sequences {jn}neN„, {&n}neN and c > such that \j n \ < m, \k n \ < m and ^"""^ ^ c for 
each n G N . Applying and (13"T|) . we obtain 

(3(m-n,m)[3(m,m + n)- 1 ^ d 2 m (3(j n - n, j n )(3(k n , k n + n)' 1 ^ <^c 

for any n G N . Thus, (|35p fails for k = m. A contradiction. □ 

The proof is based on the following two propositions on weak closeness of sequences in £ p with 
rapidly increasing norms. 

Proposition 5.2. Let H be a real or complex Hilbert space and {x n } n ^ be a sequence of 
elements ofH, such that 

oo 

^||x n ||~ a <oo (38) 

n=0 

for a = 2. Then the set S = {x n : n G N } is weakly closed in %. 

Proposition 5.3. Let 1 < p < oo and {x n }„ e N be a sequence of elements of the real or complex 
Banach space £ P (A), such that (138]) is satisfied with < a < min{2,g}, where - + - = 1. Then 
the set S = {x n : n G N } is weakly closed in £ p (A). 

We shall now prove Theorems 1.6 with the help of these results, postponing the proofs of 
the propositions to the end of the section. For sake of completeness we formulate an analog of 
Propositions 5.2 and 5.3 for general Banach spaces, which we also prove in the end of the section. 

Proposition 5.4. Let B be a real or complex Banach space and {x n } ne ^ () be a sequence of 
elements of B, such that ( |38l) is satisfied with a = 1. Then the set S = {x n : n G No} is weakly 
closed in B. 

Note that weak closeness of a countable subset {x n : n G N } of a Banach space under the 
condition that ||a;n|| grow exponentially was proved in 

5.1 Proof of Theorem 1.6: the supercyclicity case 

In this section K stands for either the field M of real numbers or the field C of complex numbers. 

Lemma 5.5. Let {x n } n( z^ be a sequence in a Banach space B over the Geld K, y G B, z G B* be 
such that (y, z) = 1 and Q = {\x n : A G K, n G N }. If y belongs to the weak closure of fl, then 
it belongs to the weak closure of 

iV={-^-:nGN , (x n ,z)^o\. 

K \X ni Z) J 

Proof. Let B = {u e B : (u,z) = 0} and consider M = B\B , Q = ttnB and Q x = Q\B . 
Clearly, Q = U Qi and y is not in the weak closure of Qq, since Qq is contained in the weakly 
closed set B and y B . Hence, y is in the weak closure of f^. Since the map 

ii 

F:M^B, F(u) = 

\u,z) 
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is weak-to-weak continuous and y is in the weak closure of Q\, we obtain that F(y) = y is in the 
weak closure of F(fti) = N, as required. □ 

We start with a general condition for an operator to be not weakly supercyclic. 

Theorem 5.6. Let T be a bounded linear operator acting on an infinite dimensional Banach 
space B and f G B be such that T n f^0 for each n G N . Assume that there exists y G B* , y ^ 
and a > for which 

Sl^^J <o °- (39) 

Suppose also that either a = 1 or B is a Hilbert space and a = 2 or B is isomorphic to £ p with 
1 < p < oo and a < min{2, q}, where - + - = 1. Then f is not a weakly supercyclic vector for T. 

Proof. Since B is infinite dimensional, we can pick x G B \ O pr (T, f) such that (x,y) = 1. 
Suppose that / is a weakly supercyclic vector for T. Then x is in the weak closure of O pr (T,f). 
By Lemma 5.5 x is in the weak closure of the set 

N = {u n : n G A}, where A = {n G N : (T n f, y) ^ 0} and u n 



(T n f,y)' 

From ( 1391) it follows that ||ii n ||~ a < oo. Applying Propositions 5.2, 5.3 and 5.4, we see that iV 

is weakly closed in B. Hence the only way for x to be in the weak closure of iV is to coincide with 
one of the it n 's. In this G O pr (T, /). A contradiction. □ 

Now we are ready to prove the supercyclicity part of Theorem 1.6. We have to demonstrate 
that any weakly supercyclic bilateral weighted shift acting on £ P (Z) with 1 ^ p ^ 2 is supercyclic. 
Since according to Theorem S, supercyclicity of a bilateral weighted shift does not depend on p, by 
comparison principle it suffices to consider the case p = 2. Suppose that T is a bilateral weighted 
shift acting on £2^), which is weakly supercyclic and non- supercyclic, w is its weight sequence 
and P(a, b) are the numbers defined in (CQ). By Proposition 5.1 there are c > and m G No such 
that 

f3(m — n + 1, m) ^ c j3(m + 1, m + n) for each n G No. (40) 

Since the set of weakly supercyclic vectors of a weakly supercyclic operator is weakly dense, there 
exists a weakly supercyclic vector x for T in £2^) such that (x, e m ) 7^ 0. Using ( T4T)]) . we have 

\(T n x,e m )\ \(x,T* n e m )\ _ | (x, e n+m ) \(3(m + 1, m + n) |(a;,e w+m )| 
||T n a;||2 ^ |(x,e m )|||T n e m || 2 | (x, e m ) \(3(m - n + 1, m) ^ c\(x,e m )\ ' 

Since x G £2^), we see that ^2 ( ^W^jf^ ) < 00 • ^ Theorem 5.6 a; can not be a weakly 

n=0 * ' 

supercyclic vector for T. A contradiction. The proof is complete. 

5.2 Proof of Theorem 1.6: the hypercyclicity case 

We start with the following lemma dealing with positive infinite matrices. 

Lemma 5.7. Let A be an infinite countable set and {a a ,^} a ,/3eA be an infinite matrix with non- 
negative entries such that max{a ai( g, ^ 1 for each a, (3 G A. Then 

5 , ~ r < 00 for each r > 1, wiere = a ai( g G [0, 00]. 
aeA /3eA 
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Proof. Let M > and a\, . . . , a n be pairwise different elements of A such that S aj ^ M for 
1 ^ j ^ n. Then 

n 1 

Mn^2j^= E a ^ ^ aaj,a k = 2 E + a «*.«i)- 

Since a a>1 a + a/3, a ^ max{a a ^, ap^} ^ 1 for each a, (3 G A, we obtain Mn ^ n 2 /2. Hence n ^ 2M. 
Therefore for any M > there exists at most [2M] elements a; of A for which S a ^ M, where [t] 
stands for the integer part of t G R. It follows that there exists a bijection if : N — > A such that 
the sequence S^n) is monotonically non- decreasing. Using the above estimate with M = S^n), 
we obtain that iwn) ^ n/2 for each nGN. Hence 

oo oo 

E ^ = E % < £( w / 2 )~ r < oo if r > 1. □ 

agA n=l n=l 

Now we are ready to prove the hypercyclicity part of Theorem 1.6. We have to demonstrate 
that any weakly hypercyclic bilateral weighted shift actin on £ P (Z) with 1 ^ p < 2 is hypercyclic. 
Since according to Theorem S, hypercyclicity of a bilateral weighted shift does not depend on 
p, by comparison principle it suffices to consider the case 1 < p < 2. Suppose that T is a non- 
hypercyclic weakly hypercyclic bilateral weighted shift acting on £ P (Z) with 1 < p < 2, w is its 
weight sequence and (3(a, b) are the numbers defined in By Proposition 5.1 there are c G (0, 1] 
and m G No such that 

max{/3(m — n + 1, m), (3(m + 1, m + n) _1 } ^ c for each n G No- (41) 

Let x be a weakly hypercyclic vector for T and 

A = {^N:|(ft,e m )| > 1}. 

The set {T k x : k £ A} can not be weakly closed. Indeed, otherwise 0(T,x) can not be weakly 
dense in the non-empty weakly open set {u G ^ P (Z) : \(u,e m ) \ > 1}. By Proposition 5.3, 

\\T k x\\ p a = oo for each a < 2. (42) 

By definition of the set A, we have \{x, ek+ m )\fi{m + 1, h + m) > 1 for any k G A. Hence 

\(x,e k+m )\> P(m +l,m + k)' 1 for each k G A. (43) 
Let now j £ A. Obviously 

ii^ii* = E^-^' + 1 ' n ) p i e «> i p ^ E ^ m + fc - 3 + 1, ™ + *o p i e m +fc) r- 

Using (j4~3]) . we obtain 

WVxF > ^ (3(m + k-j + l,m + ky =cP ^ a m 
W IX Wp^2^ 0(m+l,m + k)P ^ hkl [ ] 

z~ v if k = j; 

where = ^ c~ p /3(m + k — j + 1, m) p if fc < j; 

c~ p (3(m + 1, to + k — j)~ p if > j. 
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From (j4"T]l it follows that maxja.,^, cik,j} 1 for each j, A; G A. Lemma 5.7 together with ( l4"4"|) 
implies that 

||T J x||~ r ' p < oo for each r > 1. 

Since p < 2, we can choose r > 1 such that < 2. Hence the last display contradicts (142 p . The 
proof is complete. 

5.3 Proof of Propositions 5.3 and 5.5 

We need the following interesting theorems by Ball [31 0]. 

Theorem Bl. Let H be a complex Hilbert space, {x n } n gN be a sequence of elements ofH such 

oo 

that \\x n \\ = 1 for anyn G Mo and {s n }neN be a sequence of positive numbers such that ^2 s^ = 1. 

n=0 

Then there exists y G % such that \(x n ,y)\ ^ s n for each n G N . 

Theorem B2. Let B be a real Banach space, {x n } n gN be a sequence of elements of B such that 

oo 

||x n || = 1 for any n G No and {s n }neN be a sequence of positive numbers such that ^ s n < 1. 

n=0 

Then there exists y G B* such that \ (x n ,y)\ ^ s n for each n G N . 

The real and complex versions of Propositions 5.2 and 5.4 are equivalent to each other. Indeed 
the real case reduces to the complex one by replacing the space with its complexification and 
the complex case reduces to the real one just by considering the complex space as real. Thus, it 
suffices to prove Proposition 5.2 in the complex case and Proposition 5.3 in the real case. Let 
either B be a real Banach space or B = 7-L be a complex Hilbert space. Let y G B \ S and 
y n = x n — y, $n = \\yn\l~ 1 for n G No. In the Banach space case from ( |38i) with a = 1 it 

oo 

follows that s n = C/2 < oo. In the Hilbert space case from ( |38l) with a = 2 it follows that 

n=0 

oo 

s n = C 2 < oo. Applying Theorem B2 in the Banach space case and Theorem Bl in the Hilbert 

n=0 

space case, we obtain that there exists u G B* with \\u\\ = 1 such that |(y„/||y n ||, «)| ^ s n /C for 
each n G No. Hence, \{y n , u)\ ^ for each n G No- It means that zero is not in the weak closure 
of {y n : n G N }, or equivalently, y is not in the weak closure of S. Since y is an arbitrary point 
in B \ S, we see that S is weakly closed. 

5.4 Proof of Proposition 5.3 

The ideal way to prove Proposition 5.3 would be to use an analog of Ball's theorem for £ p -spaces. 
Unfortunately, it remains undiscovered. We use probabilistic approach to prove Proposition 5.3. 

Recall few definitions. Let B be a real Banach space and T be the set of linearly independent 
finite subsets Y = {yi, . . . , y n } of B*. Let IZy denote the family of sets of the form 

{x G B : ((x,yx), . . . , (x, y n )) G B}, where B is a Borel subset of M. n . 

Obviously, IZy is a sub-sigma-algebra of the Borel sigma-algebra of B. A cylindric set is any 
element of 

K(B) = |J TZ Y . 

Note that 71(B) is an algebra of subsets of B, but not a sigma-algebra if B is infinite dimensional. 
A cylindrical measure on B is a finite finitely-additive, non-negative measure /i on the algebra 
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1Z(B) such that for each Y in J 7 , the restriction is sigma- additive. The Fourier transform of 
/j, is the function /i : B* — > C defined by 



This integral is with respect to a sigma-additive measure, since the function x t— > e ^ x,y ' is bounded 
and T^j-measurable and the restriction /x| ^ is sigma-additive. A cylindrical measure /i is called 

gaussian if for any Y G J 7 , the Borel measure 

fiy(B) = u,({x G B : ((x,yi),.. . , (x,y n )) G B}) 

on R n is gaussian. 

Let <S(£>) be the set of bounded linear operators T : B* — > B satisfying the conditions 

(Tx,y) = (x,Ty) for each x,y G B* , (45) 
(Tar, x) ^ for each x G £*. (46) 

It is well-known, see for instance [5], Corollary 1.2, p. 901, that for any T G <S(B) there exists a 
unique Gaussian cylindrical measure n T on £> such that /Z^(x) = e - ^ 7 ^'^ for any x <E B*. In this 
case the operator T is called the covariance operator of /i. We need the following characterization 
of cr-additivity of Gaussian measures on i v . The following theorem can be found in [30] . 

Theorem V. Let 1 ^ p < oo and fi be a gaussian cylindrical measure on the real Banach space 
£ P (A). Then /i is a-additive if and only if 

yj |m a | p < oo and s^ 2 < oo, where 

2 



m a = y (x,e a )du,(x) and s a = j (x,e a ) du,(x). 

MA) <p( A ) 

Note that finiteness of the integrals defining s Q imply convergence of integrals defining m a . 
One can easily verify that for /i = n T with T G 5(£ P (A)), m a = and s a = (Te a ,e a ). Thus, 
Theorem V implies the following corollary 

Corollary 5.8. Let 1 ^ p < oo and T G <S(£ p (A)). Then /i T is a-additive if and only if 



^<Te a ,e Q >^ 2 <oc. 



We need the following two lemmas, in which A is a countable infinite set and the spaces £ P (A) 
are assumed to be real. 

Lemma 5.9. Let 1 < p, q < oo be such that i + ~ = 1, k e N, A e S(£ q (A)) be such that 
(Ae a , e a ) q / 2 < oo and {w n }neN be a sequence of vectors from £ P (A) such that (Au n , u n ) ^ 1 

aSA 

for each n G No- Then for any sequence a = {a„} n eN of non-negative numbers such that a G £k, 
there exist gi, . . . , g\. G £ q (A) for which 

max \ (u n ,gj)\ ^ a n for any n G No- 
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Proof. Without loss of generality we can assume that (Au n ,u n ) = 1 for each n G No- Indeed, 
if it is not the case, we can replace u n by (Au n) u n )~ l ^ 2 u n . 

Let K = {l,...,k}. For j G K and r G (l,oo) consider the natural projections P r j : 
£ r (K x A) — » £ r (A) and natural embeddings J rj . : £ r (A) — > £ r (K x A) defined on the canonical basis 
as P r j£i,a = e Q and J rj e a = e J)Q ,. Consider the bounded linear operator T : ^(Zf x A) — > £ q (K x A) 
defined by the formula 

k 
3=1 

In other words T is the direct sum of k copies of A. Clearly T G S(£ q (K x A)). 
Since (Te Jja , ej >a ) = (Ae a , e Q ) for each (j, a) 6 ^ x A, we observe that 

^ ] (Tej^a, £j,a) q ^ = k ^y ^ (Ae a , e a ) q ^ < oo. 

By Corollary 5.8 the gaussian cylindrical measure /i = /i T on £q(A" x A) is a-additive and therefore 
extends to a Borel probability measure: the measure of the entire space is 1 since the Fourier 
transform takes value one at zero. 

Let also Uj >n = J p ju n G £ p (K x A), for j G K, n G N . One can easily verify that 

(Tu j>n , ui >n ) = 8 jt i for any l,j G K and n G N , (47) 

where Sjj is the Kronecker delta. We take c > and consider 



B n ,c = {ye £ q (K x A) : \(y, u 3,n)\ 2 < c 2 a 2 }. 



We shall estimate fj,(B n;C ). Consider the Borel probability measure v on R defined as 

v(B) = fi{y G £ q {K x A) : ((y, u 1>n ), ...,(y, u k , n )) G B}. 

From (14 7p . the equality //(z) = e~^^ Tz,z ^ and the definition of is, it follows that the Fourier 
transform of v is u{t) = e / 2 . Hence, z/ has the density Pi,(s) = (27r)~ fc / 2 e~' s ' / 2 . Denote 
Df = {iGl*: \x\ 6}. Then 



v k c k a k n , 



D k 

can 



where X k is the Lebesgue measure on R fc and v k = (2ix)- k l 2 \ k (D k ). Hence, 

too \ oo oo 

U B UtC I ^/i( J B n , c ) < v k c k J2a k . 
n=0 / n=0 n=0 

Since a G by taking c small enough we can ensure that 

oo 

/i(A c ) < 1 = fM(£ q (K x A)), where A c = (J £„ iC . 

n=0 
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Therefore, there must be y G i q {K x A) \ A c . Clearly, 

k k 

^\{P w y,u n )\ 2 = 5^|(z/,%n)| 2 > c 2 a 2 n , for nG N . 
i=i j=i 

Hence max \{gj, u n )\ > a n for each n G N , where gj = (y/k/c)P q jy G □ 

Lemma 5.10. Let 1 < p, q < oo be such that - + ^ = 1, and {a:„} n6 N () be a sequence in £ P (A), 
satisfying with < a < min{2, g}. Then there exist A; G N and g 1: . . . ,g k G ^(A) such that 

max |(x n , 0j)| ^ 1 for any n G N . 



Proof. Denote d = max{a, 2a/ q}. Since a < min{2, q}, we see that d < 2 and we can choose 

p 



k G N such that £;(! — d/2) ^ a. Let s n = ||a; n || d , o-n = ll^nllp^ 2 1 and u n = \\x n \\p^ 2 1 x n . From 
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dSHD it follows that 

< oo, where r = min{l,g/2} (48) 

n=0 

and that {a n } ne N„ G By Hahn-Banach theorem, for any n G N , we can choose y n G £ q (A) 
such that |||/n||g = 1 and (x n ,y n ) = \\x n \\ p . Consider the operator 

oo 

A : £ p (A) £ g (A), Ax = s n(%, Vn)y n - 

n=0 

According to ( 148]) the sequence {s n } is summable and therefore the operator A is bounded. One 
can easily verify that the conditions ( I4"5j) and (146]) for A are satisfied. Hence A G S(£ q (A)). Clearly 

oo 

(Au n , 1t n ) || X n ||p ^ ^ S m (x n , ?/ m ) ^ S n || ||p (^n? yn) || X n ||p | X n ||p | ||p L 

m=0 

We shall check now that 

J2(Ae a ,e a y/ 2 <oo. (49) 

«eA 

For any n 6 No consider the sequence z n of non-negative numbers with the index set A defined 
by the formula (z n ,e a ) = (y n ,e a ) 2 . Let also z be the sequence defined as (z,e a ) = {Ae a ,e a ). 
Since for any a G A, 

oo oo 

(z, e a ) (^4e Q , e a ) ^ ^ "^(Z/ri; ^a) ^ ^ Sn(Zm 

n=0 n=0 

oo 

we see that z = ^ s n z n in the coordinatewise convergence sense. 

n=0 

Case p ^ 2. In this case q ^ 2. Clearly z ra G £ g /2(A) and ||-2 n ||q/2 = \\yn\\ q = 1 for each 

oo 

n G No. By ( 148]) the sequence s n of positive numbers is summable and therefore the series s n z n 

n=0 

is absolutely convergent in the Banach space £ q / 2 {A). Hence z G £ q / 2 (A) and (1451 follows. 
Case p > 2. In this case q < 2. 
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Recall that for < p < 1, the space £ P {A) of sequences x = {i a } ae A in £00 (A) for which 

is no longer a Banach space. The function tt p is a pseudonorm, which turns £ P {A) into a complete 
metrizable topological vector space, which is not locally convex. The pseudonorm tt p satisfies the 
triangle inequality tt p (x + y) ^ tt p (x) + ir p (y) and the homogeneity condition tt p (cx) = c p ti p (x) for 
c eR and x,y G £ p (Z). 

00 

Clearly z n G £ q / 2 (A) and 7r q / 2 (t n ) = \\y n \\ q = 1 for each n G N . By we have s„ < 00. 

n=0 

00 

From the triangle inequality and homogeneity of 7r g / 2 it follows that the series s n z n is convergent 

n=0 

in the space £ q / 2 (A) and therefore z G ^7/2 (A). Hence (H9l is satisfied. 

Thus, in any case all conditions of Lemma 5.9 are fulfilled. Hence there exist g\, . . . , Qk G £ q {'L) 
such that max \ (u n ,gj)\ ^ a n for any n G No- Therefore 

l^j^k 

max = ||x n ||p" d/2 max \(u n ,gj)\ ^ H^ll^^ 2 ^ = 1 for any n G N . □ 

Lemma 5.11. Let 1 < p, q < 00 be such that - + - — 1, and {x„} ne N () be a sequence in the real 
or complex Banach space £ P {A), satisfying (1381) with < a < min{g, 2}. Then zero is not in the 
weak closure of {x n : n G N }. 

Proof. The real case follows immediately from Lemma 5.10. In the complex case it suffices 
to notice that the complex Banach space £ P (A), considered as a real one, is isomorphic to the real 
Banach space £ P (A). □ 

We are ready to prove Proposition 5.3. Let y G £ P (A) \ S. Applying Lemma 5.11 to the 
sequence, {x n — y}„ e N > we see that zero is not in the weak closure of {x n — y : n G N }. Hence y 
is not in the weak closure of S. Thus S is weakly closed. The proof is complete. 

6 Concluding remarks and open problems 

We start with a few general remarks. Since the Banach space £\ enjoys the Schur property: weak 
and norm convergence of sequences are equivalent [ID] , weak sequential supercyclicity and weak 
sequential hypercyclicity of bounded linear operators on £\ are equivalent to supercyclicity and 
hypercyclicity respectively. For operators acting on general Banach spaces it is not true, as follows 
from the example of Bayart and Matheron [6]. Next proposition shows that it is true for operators 
on general Banach spaces under the additional condition that there exists a compact operator 
with dense range, commuting with the given one. 

Proposition 6.1. Let T be a bounded linear operator acting on a Banach space B. Assume 
that there is a compact operator S, acting on B, such that S has dense range and TS = ST. Then 
T is weakly sequentially supercyclic if and only if T is supercyclic and T is weakly sequentially 
hypercyclic if and only if T is hypercyclic. 

In order to prove Proposition 6.1 we need the following topological lemma. 

Lemma 6.2. Let X and Y be topological spaces and S : X — > Y be a sequentially continuous 
map with sequentially dense range. Let also A C X be a sequentially dense subset of X. Then 
S(A) is sequentially dense in Y. 
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Proof. Let M = [S(A)] seq be the sequential closure of S(A) in Y. Since S is sequentially 
continuous and M is sequentially closed, we see that S~ 1 (M) is sequentially closed in X. Since 
A C S (M) and A is sequentially dense in X, we have X = S~ 1 (M). Hence 5"(X) C M. Since 
S"(X) is sequentially dense in Y, and M is sequentially closed in Y, we obtain M = Y. □ 

Proof of Propositions 6.1 Let x £ 23 be a weakly sequentially supercyclic vector for T. 
Since S* is compact, it is sequentially continuous as a map from (23, er) to (23, r), where cr and r 
stand for the weak topology and norm topologies respectively [23J . Since r is metrizable, we have 
that the range of S is sequentially dense in (23, r). Since O pr (T, x) is sequentially dense in (23, cr), 
Lemma 6.2 implies that S(O pr (T, x)) is sequentially dense in (23, r) and therefore norm-dense in 
23. Taking into account that T and S commute we obtain that S(O pT (T, x)) = O pr (T,Sx) and 
therefore the projective orbit O pr (T, Sx) is norm dense in 23. Thus, Sx is a supercyclic vector for 
T. The proof of the hypercyclicity case is exactly the same. One has just to consider the orbits 
instead of the projective orbits. □ 

Proposition 6.1 leads to some interesting questions. 

Question 6.3. Is it possible in Proposition 6.1 to replace weak sequential supercyclicity or 
hypercyclicity by weak supercyclicity or hypercyclicity? In particular, does there exist a non- 
supercyclic weakly supercyclic compact operator? 

Bes, Chan and Sanders [7] asked whether there exists a weakly 1- sequentially hypercyclic 
operator which is not norm hypercyclic. The question remains open as well as the following ones. 

Question 6.4. Does there exist a non-hypercyclic weakly sequentially hypercyclic operator? 

Question 6.5. Does there exist a weakly sequentially hypercyclic operator which is not weakly 
1-sequentially hypercyclic? 

Question 6.6. Does there exist a weakly sequentially supercyclic operator which is not weakly 
1-sequentially supercyclic? 

Finally observe that according to Proposition 1.1, Theorem 1.2 provides an example of a weakly 
supercyclic antisupercyclic operator on a Hilbert space, which answers a question raised in [25] , 

6.1 Measures 

The construction of a measure in the proof of Theorem 1.2 does not provide any control of the rate 
of decaying of the Fourier coefficients. In principle it is possible to make an effective version of 
the construction, but one thing is obvious: the Fourier coefficients tend to zero extremely slowly. 
This motivates the following question. 

Question 6.7. Does there exist any condition on the rate of the Fourier coefficients Ji(n) of a 
Borel probability measure on T (weaker then the trivial one: ^2 \ fii n )\ 2 < °°) implying that the 
multiplication operator Mf(z) = zf(z) acting on L 2 (/i) is not weakly supercyclic? 

On the other hand, it would be desirable to find simpler measures, satisfying the assertions of 
Theorem 1.2. 

Question 6.8. Does there exist /i £ M.q H V being an inhnite convolution of a sequence of 
discrete probability measures, such that the multiplication operator Mf(z) = zf(z) acting on 
L2(fi) is weakly supercyclic? What about self-similar measures? 

As it was remarked by Bayart and Matheron [5J, if the operator Mf(z) = zf(z) acting on 
-2^2 (a 4 ) with /i £ M. + is weakly supercyclic, then /i is singular. In particular, the measure in 
Theorem 1.2 is singular. It follows from the fact that if fi £ M.+ is not singular, that is u. has 
a non-trivial absolutely continuous component, then there exists n £ N such that the operator 
M n is not cyclic, while the powers of any weakly supercyclic operator are weakly supercyclic and 
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therefore cyclic. It is not, however, the feature of absolute continuity since M 3 is not cyclic if M 
acts on L 2 (fi), where /i is the standard Cantor measure, which is purely singular. 

On the other hand if A is a Borel measurable subset of T such that z n ^ w n for any n G N 
and any different z, w G A and p, G A4 + C\A4(A), then M n is cyclic for any neN. It follows from 
the observation that in this case for any n G N there exists |i"6M + such that the operator M n 
acting on L 2 (/i) is unitarily equivalent to M acting on L 2 (/i n ). Observe that the above property 
of A is strictly weaker than independence of A. This leads us to the following question. 
Question 6.9. Let p G V fl Aio be such that supp (p) is independent. Is M acting on L 2 (p) 
weakly supercyclic? 

It worth noting that the class of measures under the hypothesis of Question 6.9 is quite large. 
For instance, for any Borel measurable set A C T such that the set V fl A4q fl A4 (A) is non-empty, 
there exists a measure p G V fl Aio, whose support is an independent subset of A, see [T7] . 



6.2 Bilateral weighted shifts 

Theorem 1.6 together with Theorem S characterizes weakly supercyclic bilateral weighted shifts 
on £p(Z) with p ^ 2 and weakly hypercyclic bilateral weighted shifts on £ P (Z) with p < 2. 
Proposition 3.4 provides a sufficient condition of weak supercyclicity and weak hypercyclicity of 
bilateral weighted shifts on general £ P (Z). It is not clear whether the condition of Proposition 3.4 
is also necessary. This leads to the following problem. 

Problem 6.10. Characterize (in terms of weight sequences) weakly supercyclic bilateral weighted 
shifts on £ P (Z) for p > 2 and weakly hypercyclic bilateral weighted shifts on £ P (Z) for p ^ 2. 

Note also that Proposition 3.4 provides more than just a weakly supercyclic or a weakly 
hypercyclic vector x for a bilateral weighted shift T. Namely, it ensures that {XT rn x : n G No, A G 
C} or {T rn x : n G No} are weakly dense for an exponentially growing sequence of {r n } of positive 
integers. Indeed, condition (W2) of Proposition 3.4 implies that lim (r n ) 1//n ^ 2 +1 > ^ ne wa y 

n— >oo 

to approach Problem 6.4 could be to find out whether there exists a weakly supercyclic or a weakly 
hypercyclic bilateral weighted shift T such that the sets of the shape {XT rn x : n G N , A G C} or 
{T Tn x : n G No} are not weakly dense for any exponentially growing sequence of {r n } of positive 
integers. 

Using Proposition 3.4 and the technique of the proof of Theorem 1.6 it is possible for any 
p ^ 2 to find a bilateral weighted shift, which is weakly hypercyclic on £ P (Z) and not weakly 
hypercyclic on £ r (Z) for each r < p. Thus, the infinum of p's for which a given bilateral weighted 
shift is weakly hypercyclic on £ P (Z) is a parameter taking all values between 2 and oo. Thus, any 
characterization of hypercyclic bilateral weighted shifts on £p(Z) for p ^ 2 must depend on the 
parameter p. 



6.3 Tightness of Propositions 5.2—5.4 



The following theorem is known as Dvoretzky theorem on almost spherical sections |12j . Somewhat 
weaker version of this theorem was obtained earlier by Dvoretzky and Rogers |13j . 

Theorem D. For each n G N and each e > 0, there exists m = m(n,e) G N such that for any 
Banach space B with dim/5 ^ m there is an n-dimensional linear subspace L in B and a basis 



ei, 



e„ in L for which 



E 



c j e j 



E 



1/2 



n 



7 j c j e j 



for any (ci, . . . , c n ) G C n . 
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We use this theorem in order to prove the following proposition, which allows us to demonstrate 
tightness of Propositions 5.2-5.4. 

Proposition 6.11. For any infinite dimensional Banach space B and any sequence {c n } n£ N of 

oo 

positive numbers such that c~ 2 = oo, there exists a sequence {x n } ne N m & sucri that \\x n \\ = c n 

71=0 

for each n G No and zero is in the weak closure of {x n : n G No}. 

Proof. Pick a strictly increasing sequence {n k } k ^ of integers such that n = and 



nt-1 



lim \ 

k— >oo ^ — ' 



Cj = 00. 



(50) 



J=nk-i 



Denote j k — n k ~ n k~i, k G N. By Theorem D, for each k G N, there exist a linear subspace F k 
of B with dimF fc = j k and a basis e nfc _ 1 , . . . , e nfc _i in F k such that 



n k -l 



j="fc-i 



rejt-l N 1/2 

|2 



E 



j=«fc-i 



^ 2 



E 

j=n k _ 1 



C j e j 



(51) 



for any complex numbers Cj. In what follows, we assume that F k s carry the norm inherited from 
B. The inequality for the dual norm reads as follows 



-i / "fc- 1 \ 1/2 



(52) 



J=n k -i 



Denote x n = c n e n /\\e n \\ for n G No- Obviously ||x n || = c n . It remains to prove that zero is in the 
weak closure of {x n : n G No}. Suppose the contrary. Then there exist g\, . . . , g m G B* such that 



max \(gi,x n )\ ^ 1 for each n G No. 



(53) 



Denote M = max ||<7j|L, and for each positive integer k let hf G F k be the restriction of gi to 
F k . From (I5ip it follows that ||e n || ^ 1/2 for each n. If 1 ^ / ^ m and n k -i ^ n ^ n k — 1, then 

|(/if,e n )| = |(^,e n )| = lle^Hc^ 1 !^,^)! ^ (2c n )~ 1 |(^,x n )|. 

Using (|53|) and the last display, we obtain 

m 

^2 \( h ii e n)\ 2 > (2c„)" 2 for n k -i < n ^ n k - 1. 
Taking (|52|) into account, we get 

m m rife— 1 1 rife— 1 

E»"X-»E E m^)\ 2 »j E <=f- 



i=i 



1=1 j=n k _ 



J=n k -i 



n k -l 



Since ^ ll^/llg* ^ we see t na t 4mM 2 ^ c 2 for any positive integer k, which 



3=n k -i 



contradicts fl50l). □ 
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Corollary 6.12. Let 1 ^ p ^ oo, B p = £ p if 1 ^ p < oo and B^ = Co and {c„} ne N be a 

oo 

sequence of positive numbers such that c~ r = oo, where r = min{2, q} and - + - = 1. Then 

n=o p q 

there exists a sequence {x„}neN m & such that \\x n \\ = c n for each n £ No and zero is in the weak 
closure of {x n : n £ N }. 

Proof. The case 1 ^ p ^ 2 follows from Proposition 6.11. If p > 2, we can take x n = c n e n 
and apply Lemma 2.2. □ 

Corollary 6.12 for p = 2 and p = oo implies that conditions on the growth of \\x n \\ in Propo- 
sitions 5.2 and 5.4 are best possible. Proposition 5.3 and Corollary 6.12 lead to the natural 
conjecture that the best possible condition on the growth of implying weak closeness of 

{x n : n £ N } in £ p is ( 13"B"j) with a = min{2,g}. In order to prove this conjecture it would suffice 
to answer the following question affirmatively. 

Question 6.13. Let 1 ^ p < oo, {x n } neNo be a sequence in the unit sphere of a the complex 

oo 

Banach space £ p and {s„}„ e N be a sequence of positive numbers such that ^2 = 1, where 

n=0 

r = min{2, q} and ^ + ^ = 1. Does there exist y £ £ q such that \\y\\ q = 1 and \(x n , y)\ ^ s n for 
each n £ N ? 

Note that an affirmative answer to this question would also provide an interesting generalization 
of Ball's theorem (Theorem Bl) and possibly lead to further applications in convex analysis. 

6.4 Sequential weak topology 

In this final section we discuss the nature of weak sequential density and thus of weak sequential 
supercyclicity and hypercyclicity. Recall that a topological space (X, r) is called sequential if a 
subset of X is closed if and only if it is sequentially closed. A subset A of a topological vector 
space (X, r) is called sequentially open if X \ A is sequentially closed. It is straightforward to 
verify that the collection r seq of sequentially open subsets of a topological space (X, r) forms a 
topology. Moreover, r C r seq and (X, r seq ) is sequential and a sequence converges in (X, r) if and 
only if it converges to the same limit in (X, r seq ). 

For a Banach space £>, o = <j(B,B*) stands for the weak topology of B and cr seq stands for 
the corresponding sequential topology. From the above it follows that a set A C B is weakly 
sequentially dense in B if and only if it is dense in cx seq . Thus, the concepts of weak sequential 
hypercyclicity and supercyclicity (unlike weak 1-sequential hypercyclicity and supercyclicity) are 
topological. Namely they are just hypercyclicity and supercyclicity with respect to the topology 
<T seq intermediate between the weak and the norm topologies. 

Finally we make a few remarks on the nature of the topology cr seq . From the Schur Theorem 
[TO] it follows that the topology cr seq on the Banach space l\ coincides with the norm topology. 
In [22] it is observed that there are Banach spaces B for which (B, a seq ) fails to be a topological 
vector space: the addition (x, y) >->■ x + y, although being separately continuous, may fail to be 
continuous. It is also demonstrated in [22J that if B* is separable then <j seq coincides with the so- 
called bounded weak topology, which is the strongest topology that agrees with the weak topology 
on the bounded sets. According to the Banach-Dieudonne theorem, see for instance [28], the 
bounded weak topology on a reflexive Banach space coincides with the pre-compact convergence 
topology, that is the topology of uniform convergence over the norm pre-compact subsets of B*. It 
worth mentioning that B with the pre-compact convergence topology is a complete locally convex 
topological vector space. For a characterization of local convexity of the bounded weak topology 
we refer to [IE] . Thus, we have the following 
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Proposition 6.14. Let B be a separable reflexive Banach space. Then the weak sequential 
topology <7seq on B coincides with the pre-compact convergence topology. 

According to this proposition weak sequential supercyclicity and hypercyclicity of bounded 
linear operators on a separable reflexive Banach space are exactly supercyclicity and hypercyclicity 
with respect to the pre-compact convergence topology. Note that for infinite dimensional Banach 
spaces the pre-compact convergence topology is strictly stronger than the weak topology and 
strictly weaker than the norm topology. 
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